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ABSTRACT
In this research, we extend the concept of hesitant fuzzy sets on UP-algebras to hesitant
fuzzy soft sets over UP-algebras by merging the concepts of hesitant fuzzy sets and soft sets. We obtain
the concepts of (anti-)hesitant fuzzy soft strongly UP-ideals, (anti-)hesitant fuzzy soft UP-ideals,
(anti-)hesitant fuzzy soft UP-filters and (anti-)hesitant fuzzy soft UP-subalgebras over UP-algebras, and
provide some properties of them. Furthermore, we discuss some operations on hesitant fuzzy soft sets

and we examine some results of them.
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CHAPTER 1

INTRODUCTION

Among many algebraic structures, algebras of logic form important class
of algebras. Examples of these are BCK-algebras [12], BCl-algebras [13], KU-
algebras [30], UP-algebras [10], and so forth. Two classes of logical algebras,
BCK and BCl-algebras were introduced by Imai and Iséki [12] 13] in 1966 and
they have been extensively investigated by many researchers. It is known that
the class of BCK-algebras is a proper subclass of the class of BCI-algebras. The
branch of the logical algebra, a UP-algebra was introduced by lampan [10] in
2017, and it is known that the class of KU-algebras [30] is a proper subclass
of the class of UP-algebras. It has been examined by several researchers, for
example, Somjanta et al. [36] introduced the notion of fuzzy sets in UP-algebras,
the notion of intuitionistic fuzzy sets in UP-algebras was studied by Kesorn et al.
[T7], the concept of Q-fuzzy sets in UP-algebras was investigated by Tanamoon
et al. [39], Kaijae et al. [16] introduced the notions of anti-fuzzy UP-ideals and
anti-fuzzy UP-subalgebras of UP-algebras, Sripaeng et al. [38] introduced the
notion anti Q-fuzzy UP-ideals and anti Q-fuzzy UP-subalgebras of UP-algebras,
the concept of fuzzy translations of a fuzzy set was applied to UP-algebras by
Guntasow et al. [9], the notion of N -fuzzy sets in UP-algebras was studied by
Songsaeng and Tampan [37], Senapati et al. [34,35] applied cubic set and interval-
valued intuitionistic fuzzy structure in UP-algebras, Romano [31] introduced the

notion of proper UP-filters in UP-algebras, etc.

There are many sophisticated problems, such as economics, engineering,
environment, social science, medical science, etc., that we cannot successfully
use classical methods because of various uncertainties typical for those problems.

There are several theories: theory of probability, theory of fuzzy sets [43], the-



ory of intuitionistic fuzzy sets [3, 4], theory of vague sets [7], theory of interval
mathematics, [4, [§], and theory of rough sets [28] which can be considered as
mathematical tools for dealing with uncertainties. However, all these theories
have their inherent difficulties as pointed out in [23]. The reason for these dif-
ficulties possibly is the inadequacy of the parametrization tool of the theories.
Molodtsov [23] introduced the concept of soft set as a new mathematical tool for
dealing with uncertainties that is free from the difficulties that have troubled the
usual theoretical approaches. Molodtsov pointed out several directions for the ap-
plications of soft sets. Maji et al. [22] described the application of soft set theory
to a decision making problem. Maji et al. [20] and Ali et al. [I] studied several
operations on the theory of soft sets. Chen et al. [6] presented a new definition
of soft set parametrization reduction, and compared this definition to the related
concept of attributes reduction in rough set theory. The concept of hesitant fuzzy
soft sets, as a generalization of the standard soft sets, was introduced by Babitha
and John [5] and Wang et al. [41], and an application of hesitant fuzzy soft sets

in a decision making problem is presented.

The main purpose of this research is to extend the concept of hesitant
fuzzy sets on UP-algebras to hesitant fuzzy soft sets over UP-algebras by merging
the concept of hesitant fuzzy sets and soft sets. The main results obtain the
concepts of (anti-)hesitant fuzzy soft strongly UP-ideals, (anti-)hesitant fuzzy soft
UP-ideals, (anti-)hesitant fuzzy soft UP-filters, and (anti-)hesitant fuzzy soft UP-
subalgebras of UP-algebras, and also obtain some properties of them. Moreover,

we apply some operations to our main results.



CHAPTER II

REVIEW OF RELATED LITERATURE
AND RESEARCH

A fuzzy set f of a set X is a function from X to a closed interval [0, 1].
The concept of a fuzzy set of a set was first considered by Zadeh [43] in 1965. The
fuzzy set theories developed by Zadeh and others have found many applications in
the domain of mathematics and elsewhere. The hesitant fuzzy set on a reference
set X is defined in term of a function that when applied to X return a subset
of [0,1]. Torra [40] is the first researcher who, introduced one of the generalized

fuzzy sets, called a hesitant fuzzy set on a set in 2010.

A soft set over a universe set is a parametized family of subsets of the
universe set. Molodtsov [23] introduced the concept of soft sets over a universe set
in 1999. The soft set theory was a new mathematical tool to handle uncertainty
but the classical soft sets are not appropriate to deal with some imprecisions. The
soft set model consequently has been combined with other mathematical models.
For example, fuzzy soft sets [18] are based on a combination of fuzzy sets and soft
sets, intuitionistic fuzzy soft sets [19] 21] are combined by intuitionistic fuzzy sets
and soft sets, interval-valued fuzzy soft sets [42] are combined by interval-valued
fuzzy sets and soft sets, and so on. The concept of hesitant fuzzy soft sets that is
a link between classical soft sets and hesitant fuzzy sets was studied by Babitha
and John [5] and Wang et al. [41]. They also presented an application of hesitant
fuzzy soft sets in a decision making problem. Moreover, basic operations such as
intersection, union, AND, OR, compliment were defined, and De Morgans law
was also proved. There are some researchers, such as Jun et al. [14], Alshehri

and Alshehri [2], applied hesitant fuzzy soft set theory to BCK/BCI-algebras.

Tampan [10] is the first one, who introduced the branch of algebraic struc-



ture, which is called a UP-algebra in 2017, and proved that the notion of UP-
algebras is a generalization of KU-algebras. lampan also introduced the con-
cepts of UP-subalgebras of UP-algebras, UP-ideals of UP-algebras, congruences
on UP-algebras, and UP-homomorphisms in UP-algebras, and investigated some
related properties of them. Somjanta et al. [36] introduced the concepts of
UP-filters of UP-algebras, and applied fuzzy set theory to UP-algebras. The no-
tions of fuzzy UP-subalgebras of UP-algebras, fuzzy UP-ideals of UP-algebras,
and fuzzy UP-filters of UP-algebras were studied by them. Moreover, they in-
troduced the notions of upper ¢-(strong) level subsets and lower ¢-(strong) level
subsets from some fuzzy sets, and gave its characterizations. Poungsumpao et
al. [29] investigated the notions of fuzzy UP-subalgebras and fuzzy UP-ideals
of UP-algebras in term of upper t-(strong) level subsets and lower t¢-(strong)
level subsets of a fuzzy set. They also proved that every fuzzy UP-ideal of UP-
algebras is a fuzzy UP-subalgebra of UP-algebras. Anti-fuzzy UP-ideals and
anti-fuzzy UP-subalgebras concepts of UP-algebras were studied by Kaijae et al.
[16]. They proved that every anti-fuzzy UP-ideal of UP-algebras is an anti-fuzzy
UP-subalgebra of UP-algebras, and also discussed the relation between anti-fuzzy
UP-ideals (resp. anti-fuzzy UP-subalgebras) and level subsets of a fuzzy set. Fur-
thermore, they introduced the notions of Cartesian product and dot product of
fuzzy sets, and applied anti-fuzzy UP-ideals and anti-fuzzy UP-subalgebras in the
Cartesian product of UP-algebras. Guntasow et al. [9] introduced the concept of
strongly UP-ideals of UP-algebras, and they proved the generalization that the
notion of UP-subalgebras is a generalization of UP-filters, the notion of UP-filters
is a generalization of UP-ideals, and the notion of UP-ideals is a generalization
of strongly UP-ideals. By the way, they studied the notion of fuzzy strongly UP-
ideals of UP-algebras, and they also proved the generalization that the notion of
fuzzy UP-subalgebras is a generalization of fuzzy UP-filters, the notion of fuzzy

UP-filters is a generalization of fuzzy UP-ideals, and the notion of fuzzy UP-ideals



is a generalization of fuzzy strongly UP-ideals.

The first researchers who, extended the concept of fuzzy sets in UP-
algebras to hesitant fuzzy sets on UP-algebras are Mosrijai et al. [25]. They
investigated the notions of hesitant fuzzy UP-subalgebras of UP-algebras, hesitant
fuzzy UP-filters of UP-algebras, hesitant fuzzy UP-ideals of UP-algebras, and
hesitant fuzzy strongly UP-ideals of UP-algebras. Satirad et al. [33] considered
level subsets of a hesitant fuzzy set on UP-algebras. The concepts of partial
constant hesitant fuzzy sets and new types of hesitant fuzzy sets on UP-algebras
was introduced by Mosrijai et al. [27, 26]. To the best of our knowledge, we
are the first one that extend the concept of hesitant fuzzy sets on UP-algebras
to hesitant fuzzy soft sets over UP-algebras by merging the concepts of hesitant

fuzzy sets and soft sets.



CHAPTER I11

PRELIMINARIES

3.1 Fundamentals

In the chapter, we give the definition of a UP-algebra that was introduced

by Iampan [10].

Definition 3.1.1 An algebra A = (A,-,0) of type (2,0) is called a UP-algebra
where A is a nonempty set, - is a binary operation on A, and 0 is a fixed element

of A (i.e., a nullary operation) if it satisfies the following axioms:

(UP-1) (Vz,y,2€ A)((y-2) - ((z-y) - (z-2)) =0),
(UP-2) (Vz € A)(0-x =x),
(UP-3) (Vx € A)(x-0=0), and

(UP4) (Ve,yc A)(xz-y=0,y-2=0=z=y).

lampan also proved that the notion of UP-algebras is a generalization
of KU-algebras. Examples of a UP-algebra have been examined by several re-
searchers, for example, the power UP-algebra of type 1 [10], the power UP-algebra
of type 2 [10], the generalized power UP-algebra of type 1 with respect to € [32],

the generalized power UP-algebra of type 2 with respect to Q2 [32], and so forth.

Example 3.1.2 Let X be a universal set. Define a binary operation - on the
power set of X by putting A-B=BNA =A'NB=B—-Aforall A, B e P(X).
Then (P(X),-,0) is a UP-algebra and we shall call it the power UP-algebra of

type 1.



Example 3.1.3 Let X be a universal set. Define a binary operation % on the
power set of X by putting Ax B=BUA = A"UB for all A, B € P(X). Then
(P(X),*, X) is a UP-algebra and we shall call it the power UP-algebra of type 2.

Example 3.1.4 Let X be a universal set and let Q € P(X). Let Po(X) ={A €
P(X) | © C A}. Define a binary operation - on Pq(X) by putting A - B =
BN (A uUQ) for all A, B € Po(X). Then (Po(X),-,2) is a UP-algebra and we

shall call it the generalized power UP-algebra of type 1 with respect to €.

Example 3.1.5 Let X be a universal set and let Q € P(X). Let P*(X) =
{A € P(X) | A C Q}. Define a binary operation * on P%(X) by putting
AxB=BU(A'NQ) for all A, B € PX). Then (P%(X), x, Q) is a UP-algebra

and we shall call it the generalized power UP-algebra of type 2 with respect to §2.

In particular, (Pq(X),-,0) is the power UP-algebra of type 1, and
(P(X),*,X) is the power UP-algebra of type 2.

Example 3.1.6 [24] Let A = {0,1,2,3,4} be a set with a binary operation -

defined by the following Cayley table:

012 3 4
0(0 1 2 3 4
110 01 3 3
2(0 0 0 3 3
30 0 0 0 3
410 0 0 0O

Then (A,-,0) is a UP-algebra which is not a KU-algebra because (0-2)((2-4) -
(0-4))=2-(3-4) =2-3=3%#0 (see the definition in [30]).

In what follows, let A denote UP-algebras unless otherwise specified. The

following proposition is very important for the study of UP-algebras.



Proposition 3.1.7 [10, [11] In a UP-algebra A, the following properties hold:

(1) (Vo € A)(z -z = 0),
2) (Vo,y, 2 € A)(w-y=0,y-2=0=1-2=0),
3) (Va,y,z2€ A)(z-y=0= (2-2)-(2-y) =0),
4) (Vo,y,z2€ A)(z-y=0=(y-2)-(z-2) =0),
() (Vao,y e A)(z- (y-z) =0),
6) (Vo,ye A)((y-2) 2 =0c2=y- 1),
(7) (Vo,y € A)(z - (y-y) = 0),
8) (Va,z,y,2€ A)((z-(y-2)) - (z-((a-y)-(a-2))) =0),
9) (Va,z,y,2 € A)((((a-z)-(a-y))-2)- (z-y)-2) =0),
(10) (Va,y,z € A)(((z-y)-2) - (y-2) = 0),
(11) (Vz,y,z € A)(z-y=0=z-(2-y) =0),
(12) (Va,y,z € A)(((z-y)-2)- (z- (y-2)) = 0), and
(13) (Va,z,y,2 € A)(((z-y)-2) - (y- (a-2)) =0).
On a UP-algebra A = (4, -,0), Tampan [10] defined a binary relation <
on A as follows:
(Vo,y € A)(z <y x-y=0).
The following definition is the definition of special subsets in UP-algebras.

Definition 3.1.8 [10, 36, O] A nonempty subset S of a UP-algebra (A4,-,0) is
called



(1) a UP-subalgebra of A if (Vx,y € S)(x-y € 5).
(2) a UP-filter of A if
(i) the constant 0 of A is in S, and
(i) (Ve,y € A)(z-ye€ S,z e S=yeSs).
(3) a UP-ideal of A if
(i) the constant 0 of A is in S, and
(i) (Vx,y,z€ A)(z-(y-2) € S,yeS=z-2€59).
(4) a strongly UP-ideal of A if

(i) the constant 0 of A is in S, and

(ii)) Vz,y,z€ A)((z-y)-(z-z) e S;ye S=z€Y9).

Guntasow et al. [9] proved the generalization that the notion of UP-
subalgebras is a generalization of UP-filters, the notion of UP-filters is a gener-
alization of UP-ideals, and the notion of UP-ideals is a generalization of strongly
UP-ideals. Moreover, they also proved that a UP-algebra A is the only one
strongly UP-ideal of itself.



CHAPTER IV

HESITANT FUZZY SETS

4.1 Hesitant fuzzy sets

The concept of a hesitant fuzzy set on a set was first considered by Torra

[40] in 2010.

Definition 4.1.1 Let X be a reference set. A hesitant fuzzy set on X is defined
in term of a function hy that when applied to X return a subset of [0, 1], that is,
hy: X — P([0,1]). A hesitant fuzzy set hy can also be viewed as the following

mathematical representation:
H = {(z, hu(2)) | 2 € X},

where hy(x) is a set of some values in [0, 1], denoting the possible membership
degrees of the elements x € X to the set H. We say that a hesitant fuzzy set H

on X is a constant hesitant fuzzy set if its function hy is constant.

Mosrijai et al. [25] introduced the concept the complement of hesitant
fuzzy set on UP-algebras and also introduced the concept of hesitant fuzzy UP-
subalgebras, hesitant fuzzy UP-filters, hesitant fuzzy UP-ideals, and hesitant
fuzzy strongly UP-ideals of UP-algebras in 2017.

Definition 4.1.2 Let H be a hesitant fuzzy set on A. The hesitant fuzzy set H
defined by (Vz € A)(hg(x) = [0,1] — hu(x)), is said to be the complement of H
on A.

Remark 4.1.3 For all hesitant fuzzy set H on A, we have H = .

Definition 4.1.4 [25] A hesitant fuzzy set H on A is called
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(1) a hesitant fuzzy UP-subalgebra of A if it satisfies the following property:
(Va,y € A)(hu(z - y) 2 hu(x) Nhu(y)).

(2) a hesitant fuzzy UP-filter of A if it satisfies the following properties:

(1) (Vz € A)(hy(0) D hy(x)), and

(2) (Vo,y € A)(hu(y) 2 hu(z - y) Nhy(z)).

(3) a hesitant fuzzy UP-ideal of A if it satisfies the following properties:

(1) (Vz € A)(hu(0) D hu(x)), and

(2) (Vo,y,z € A)(hu(z - 2) 2 hu(z - (y - 2)) Nhu(y)).
(4) a hesitant fuzzy strongly UP-ideal of A if it satisfies the following properties:

(1) (Va € A)(hy(0) D hy(x)), and

(2) (Va,y,2 € A)(hu(z) 2 hu((z-y) - (2 2)) Nha(y))-

Mosrijai et al. also proved that the notion of hesitant fuzzy UP-subalge-
bras of UP-algebras is a generalization of hesitant fuzzy UP-filters, the notion
of hesitant fuzzy UP-filters of UP-algebras is a generalization of hesitant fuzzy
UP-ideals, and the notion of hesitant fuzzy UP-ideals of UP-algebras is a gener-

alization of hesitant fuzzy strongly UP-ideals.

Theorem 4.1.5 [25] A hesitant fuzzy set H on A is a hesitant fuzzy strongly

UP-ideal of A if and only if it is a constant hesitant fuzzy set on A.

Theorem 4.1.6 A hesitant fuzzy set H is a constant hesitant fuzzy set on A if

and only if the complement of H is a constant hesitant fuzzy set on A.

Proof. Let H be a constant hesitant fuzzy set on A. Then hy(z) = hy(0) for all
x € A. Thus [0,1]—hg(x) = [0,1] —hu(0) for all z € A. Therefore, hiz(z) = hi(0)

for all x € A. Hence, H is a constant hesitant fuzzy set on A.
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Conversely, let H be a constant hesitant fuzzy set on A. Then hg(z) =
hi(0) for all z € A. Thus [0, 1] — hg(z) = [0, 1] — hg(0) for all x € A. Therefore,

hy(xz) = hy(0) for all z € A. Hence, H is a constant hesitant fuzzy set on A. [

Proposition 4.1.7 Let H be a hesitant fuzzy UP-filter (and also hesitant fuzzy

UP-ideal, hesitant fuzzy strongly UP-ideal) of A. Then it satisfies the condition:

(Vz,y € A)(z <y = hu(z) C hu(y) C hu(z-y)). (4.1.1)

Proof. Let x,y € A be such that z < y. Then z -y =0, so

hy(y) 2 hu(z - y) Nhu(z) = hy(0) Nhy(z) = hu(z).

By Proposition 3.1.7[(5)} we have y < z -y and thus hy(y) C hu(z - y). O

4.2 Anti-type of hesitant fuzzy sets

In this subsection, we introduce the notions of anti-hesitant fuzzy UP-
subalgebras, anti-hesitant fuzzy UP-filters, anti-hesitant fuzzy UP-ideals and anti-
hesitant fuzzy strongly UP-ideals of UP-algebras, provide the necessary examples

and prove its generalizations.

Definition 4.2.1 A hesitant fuzzy set H on A is called an anti-hesitant fuzzy

UP-subalgebra of A if it satisfies the following property:

(Vo,y € A)(hu(z - y) € hu(z) U hg(y)).

By Proposition 3.1.7 we have for any = € A,



13

Example 4.2.2 Let A = {0,1,2,3} be a set with a binary operation - defined by

the following Cayley table:

01 2 3
0(0 1 2 3
110 0 2 3
2(0 0 0 3
310 0 0 O

Then (A, -,0) is a UP-algebra. We define a hesitant fuzzy set H on A as follows:

hu(0) = 0, hr(1) = {0.5}, hu(2) = {0.6}, and h(3) = [0.5,0.6].

Using this data, we can show that H is an anti-hesitant fuzzy UP-subalgebra of

A.

Definition 4.2.3 A hesitant fuzzy set H on A is called an anti-hesitant fuzzy

UP-filter of A if it satisfies the following properties:

(1) (Vz € A)(hu(0) C hy(x)), and

(2) (Va,y € A)(hu(y) € hg(z - y) Uhgu(x)).

Example 4.2.4 Let A = {0,1,2,3,4} be a set with a binary operation - defined

by the following Cayley table:

01 3 4
0(0 1 3 4
110 0 3 4
210 0 3 3
310 1 0 3
410 1 0 0

Then (A, -,0) is a UP-algebra. We define a hesitant fuzzy set H on A as follows:
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hy(0) = {0.8}, hy(1) =[0.8,0.9), hu(2) = [0.8,0.9], hx(3) = [0.6,0.9], and
hy(4) =[0.6,0.9].
Using this data, we can show that H is an anti-hesitant fuzzy UP-filter of A.
Definition 4.2.5 A hesitant fuzzy set H on A is called an anti-hesitant fuzzy
UP-ideal of A if it satisfies the following properties:
(1) (vVz € A)(hu(0) € hu(z)), and
(2) (Vz,y,2z € A)(bu(z - 2) C hu(z - (y- 2)) Uhu(y)).

Example 4.2.6 Let A = {0, 1,2,3} be a set with a binary operation - defined by

the following Cayley table:

012 3
0(0 1 2 3
110 0 2 3
2/0 1 0 3
3101 2 0

Then (A4,-,0) is a UP-algebra. We define a hesitant fuzzy set H on A as follows:

by (0) = {1}, hy(1) = {1}, hn(2) = {0, 1}, and hy(3) = [0, 1].

Using this data, we can show that H is an anti-hesitant fuzzy UP-ideal of A.

Definition 4.2.7 A hesitant fuzzy set H on A is called an anti-hesitant fuzzy

strongly UP-ideal of A if it satisfies the following properties:

(1) (Va € A)(hy(0) C hy(x)), and

(2) (Vo,y,2 € A)(hu(z) € hu((z-y) - (2 - 2)) Uhu(y)).
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Example 4.2.8 Let A = {0, 1,2,3} be a set with a binary operation - defined by

the following Cayley table:

—_
o o O O | O
w W o =
w oo W N
o O O W | w

3

Then (A, -,0) is a UP-algebra. We define a hesitant fuzzy set H on A as follows:

hyr(0) = {0,0.2}, hyy(1) = {0, 0.2}, hy(2) = {0,0.2}, and hy(3) = {0,0.2}.

Using this data, we can show that H is an anti-hesitant fuzzy strongly UP-ideal
of A.

Theorem 4.2.9 A hesitant fuzzy set H on A is an anti-hesitant fuzzy strongly

UP-ideal of A if and only if it is a constant hesitant fuzzy set on A.

Proof. Assume that H is an anti-hesitant fuzzy strongly UP-ideal of A. Then
hp(0) € hy(z) and hy(x) C hg((z-y) - (z-x)) Uhu(y) for all z,y, z € A. For any

x € A, we choose z = x and y = 0. Then

hy(z) € hy((z - 0) - (z - ) U hu(0)

= hy(0 - 0) U hy(0) ((UP-3) and Proposition 3.1.7
= hy(0) U hy(0) ((UP-2))
= hy(0)

C hu(w),

so hy(0) = hy(z). Hence, H is a constant hesitant fuzzy set on A.

Conversely, assume that H is a constant hesitant fuzzy set on A. Then,



16

for any © € A, hy(0) = hu(x), so hy(0) C hy(z). For any z,y,z € A hu(z) =

hu((z - y) - (z - z)) = hu(y), so hu(x) = hu((z - y) - (z - x)) U hu(y). Thus
hu(z) C hu((z-y) - (2-x)) Uhu(y). Hence, H is an anti-hesitant fuzzy strongly
UP-ideal of A. O

Corollary 4.2.10 For UP-algebras, we can conclude that the notions of anti-

hesitant fuzzy strongly UP-ideals and hesitant fuzzy strongly UP-ideals coincide.

Proof. Tt is straightforward by Theorems [4.1.5] and [4.2.9] O]

Corollary 4.2.11 A hesitant fuzzy set H on A is an anti-hesitant fuzzy strongly
UP-ideal of A if and only if H on A is an anti-hesitant fuzzy strongly UP-ideal
of A.

Proof. 1t is straightforward by Theorems |4.1.6| and |4.2.9] n

By using Corollaries [4.2.10[and [4.2.11] we can show that a hesitant fuzzy

set H on A is a hesitant fuzzy strongly UP-ideal of A if and only if H on A is a

hesitant fuzzy strongly UP-ideal of A.

Theorem 4.2.12 Fvery anti-hesitant fuzzy UP-filter of A is an anti-hesitant
fuzzy UP-subalgebra of A.

Proof. Assume that H is an anti-hesitant fuzzy UP-filter of A. Then for any

x,y € A,

hg(z - y) C hu(y - (x-y)) Uhu(y) (Definition 4.2.3
= hy(0) U hg(y) (Proposition 3.1.7

= hy(y) (Definition 4.2.3
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Hence, H is an anti-hesitant fuzzy UP-subalgebra of A. O]

The converse of Theorem is not true in general. By Example[4.2.2]
we obtain H is an anti-hesitant fuzzy UP-subalgebra of A. Since hy(1) = {0.5} €
{0.6} = 0 U {0.6} = hyu(0) Uhu(2) = hy(2-1) Uhu(2), we have H is not an
anti-hesitant fuzzy UP-filter of A. Therefore, the notion of anti-hesitant fuzzy

UP-subalgebras of UP-algebras is generalization of anti-hesitant fuzzy UP-filters.
Theorem 4.2.13 FEvery anti-hesitant fuzzy UP-ideal of A is an anti-hesitant

fuzzy UP-filter of A.

Proof. Assume that H is an anti-hesitant fuzzy UP-ideal of A. Then for any
z,y € A, hy(0) C hy(z) and

hu(y) = hu(0 - y) ((UP-2))

Chy(0- (z-y)) Uhg(x) (Definition 4.2.5

— hu(z ) Uhu(a). (UP-2))

Hence, H is an anti-hesitant fuzzy UP-filter of A. ]

The converse of Theorem is not true in general. By Example[4.2.4]
we obtain H is an anti-hesitant fuzzy UP-filter of A. Since hp(3-4) = hy(3) =
0.6,0.9] Z [0.8,0.9) = {0.81 U[0.8,0.9) = hy(0) Uhy(2) =hu(3-(2-4)) Uhu(2),
we have H is not an anti-hesitant fuzzy UP-ideal of A. Therefore, the notion

of anti-hesitant fuzzy UP-filters of UP-algebras is generalization of anti-hesitant

fuzzy UP-ideals.

Theorem 4.2.14 FEvery anti-hesitant fuzzy strongly UP-ideal of A is an anti-
hesitant fuzzy UP-ideal of A.
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Proof. Assume that H is an anti-hesitant fuzzy strongly UP-ideal of A. Then for

any z,y € A, hg(0) C hy(x) and

hy(z - 2) Chu((z-y) - (z- (x-2))) Nh(y) (Definition 4.2.7
=hyu((z-y)-0)Nhu(y) (Proposition 3.1.7
= hy(0) N hy(y) ((UP-3))
= hy(y) (Definition 4.2.7

=hu(z - (y-2)) Nhu(y).
Hence, H is an anti-hesitant fuzzy UP-ideal of A. m

The converse of Theorem is not true in general. By Theorem
[4.2.9, we obtain an anti-hesitant fuzzy strongly UP-ideal is a constant hesitant
fuzzy set. But anti-hesitant fuzzy UP-ideal is not a constant hesitant fuzzy set
in general. Therefore, the notion of anti-hesitant fuzzy UP-ideals of UP-algebras

is generalization of anti-hesitant fuzzy strongly UP-ideals.

From the results of this subsection, we have Figure 1 that is the diagram

of anti-type of hesitant fuzzy sets on UP-algebras.

Proposition 4.2.15 Let H be an anti-hesitant fuzzy UP-filter (and also anti-
hesitant fuzzy UP-ideal, anti-hesitant fuzzy strongly UP-ideal) of A. Then it

satisfies the condition:

(Vz,y € A)(x <y = hu(z) 2 hu(y) 2 hu(z - y)). (4.2.1)

Proof. Let x,y € A be such that z <y. Then xz-y = 0. Since H is an anti-hesitant

fuzzy UP-filter (resp., anti-hesitant fuzzy UP-ideal, anti-hesitant fuzzy strongly
UP-ideal) of A, we have
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Anti-Hesitant Fuzzy UP-Subalgebra
Anti-Hesitant Fuzzy UP-Filter

t

Anti-Hesitant Fuzzy UP-Ideal
14
Anti-Hesitant Fuzzy Strongly UP-Ideal

I

Hesitant Fuzzy Strongly UP-Ideal

!

Constant Hesitant Fuzzy Set

Figure 1: Anti-type of hesitant fuzzy sets on UP-algebras
hy(y) € hu(z - y) Uhn(z) = hu(0) U ha(z) = hu(z).

By Proposition 3.1.7[(5)] we obtain y < z -y and thus hy(y) 2 hu(z - y). O

4.3 Level Subsets of a Hesitant Fuzzy Set

The concepts of upper e-level subsets, upper e-strong level subsets, lower
e-level subsets, lower e-strong level subsets, and equal e-level subsets of a hesitant

fuzzy sets was introduced by Akarachai et al. [33] in 2017.

Definition 4.3.1 Let H be a hesitant fuzzy set on A. For any ¢ € P([0, 1]), the

sets

UH;e)={x € A|hu(x) De} and UT(H;e) = {z € A | hu(x) D e}

are called an upper e-level subset and an upper e-strong level subset of H, respec-

tively. The sets

L(H;e) ={x € A|hu(x) Ce} and L™ (H;e) = {x € A | hu(z) C &}
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are called a lower e-level subset and a lower e-strong level subset of H, respectively.

The set

EH;e) ={x € A| huy(z) =¢}

is called an equal e-level subset of H. Then

U(H;e) =U*t(H;e) U E(H;¢e) and L(H;e) = L™ (H;e) U E(H; ).
Lemma 4.3.2 [33] Let H be a hesitant fuzzy set on A. Then the following state-
ments hold: for any x,y € A,

(1) [0,1] = (hu(z) Uha(y)) = ([0, 1] — hu(z)) 0 ([0,1] — hu(y)), and

(2) [0,1] = (hu(z) N ha(y)) = ([0, 1] = hu(z)) U ([0, 1] = hu(y)).
Proposition 4.3.3 Let H be a hesitant fuzzy set on A and let € € P([0,1]). Then
the following statements hold:

(1) U(H;e) = L(H; [0,1] — ¢),

(2) U*(H;e) = L~ (H;[0,1] —¢),

(3) L(H;e) = U(H;[0,1] —¢), and

(4) L~ (Hye) = UT(H; [0, 1] — ).

Proof. (1) Let + € A and let ¢ € P([0,1]). Then x € U(H;¢) if and only if
hu(z) D e if and only if [0, 1] — hy(z) C [0,1] — ¢ if and only if h(z) C [0,1] — ¢

if and only if x € L(H;[0,1] — €). Therefore, U(H;e) = L(H;[0,1] — ).

(2) Let x € A and let ¢ € P([0,1]). Then x € U (H;e) if and only if
hy(z) D e if and only if [0, 1] — hy(x) C [0, 1] — ¢ if and only if hy(z) C [0,1] —«¢

if and only if x € L™(H;[0,1] — €). Therefore, UT(H;e) = L~ (H;[0,1] — ¢).
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(3) Let x € A and let € € P([0,1]). Then x € L(H;e) if and only if
hy(z) C € if and only if [0, 1] — hy(z) D [0,1] — ¢ if and only if hg(z) 2 [0,1] — ¢
if and only if x € U(H;[0,1] — ¢). Therefore, L(H;e) = U(H;[0,1] — ¢).

(4) Let x € A and let ¢ € P([0,1]). Then x € L~ (H;e) if and only if
hy(z) C e if and only if [0, 1] — hy(x) D [0, 1] — ¢ if and only if hy(z) D [0,1] —«¢

if and only if x € UT(H; [0, 1] — €). Therefore, L= (H;e) = UT(H;[0,1] —¢). O

We will discuss the relationships between anti-type of hesitant fuzzy sets
on UP-algebras and lower e-level subsets (resp., lower e-strong level subsets, upper
e level subsets, upper e-strong level subsets, equal e-level subsets) of hesitant fuzzy

sets on UP-algebras.

Theorem 4.3.4 A hesitant fuzzy set H on A is an anti-hesitant fuzzy UP-
subalgebra of A if and only if for all ¢ € P([0,1]), a nonempty subset L(H;e)
of A is a UP-subalgebra of A.

Proof. Assume that H is an anti-hesitant fuzzy UP-subalgebra of A. Let ¢ €
P([0,1]) be such that L(H;e) # (), and let x,y € A be such that x € L(H;e¢)
and y € L(H;e). Then hy(z) C € and hy(y) C . Since H is an anti-hesitant
fuzzy UP-subalgebra of A, we have hy(z - y) C hy(r) U hg(y) C e and thus
x -y € L(H;e). Hence, L(H;¢) is a UP-subalgebra of A.

Conversely, assume that for all € € P([0,1]), a nonempty subset L(H;e)
of A is a UP-subalgebra of A. Let z,y € A. Then hy(x),hu(y) € P([0,1]).
Choose € = hy(z) Uhu(y) € P([0,1]). Then hy(z) C ¢ and hu(y) C . Thus
z,y € L(H;e) # (. By assumption, L(H;¢e) is a UP-subalgebra of A and thus
x -y € L(H;e). Therefore, hy(z - y) € ¢ = hy(z) U hu(y). Hence, H is an

anti-hesitant fuzzy UP-subalgebra of A. m

Theorem 4.3.5 A hesitant fuzzy set H on A is an anti-hesitant fuzzy UP-filter
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of A if and only if for all e € P([0,1]), a nonempty subset L(H;e) of A is a
UP-filter of A.

Proof. Assume that H is an anti-hesitant fuzzy UP-filter of A. Let ¢ € P([0,1])
be such that L(H;e) # () and let & € A be such that € L(H;¢). Then hy(z) C e.
Since H is an anti-hesitant fuzzy UP-filter of A, we have hg(0) C hy(x) C ¢ and

thus 0 € L(H;e).

Next, let z,y € A be such that x -y € L(H;e) and x € L(H;e). Then
hp(z -y) C e and hy(x) C . Since H is an anti-hesitant fuzzy UP-filter of A, we
have hy(y) C hy(z - y) Uhy(z) C € and thus y € L(H;e). Hence, L(H;e) is a
UP-filter of A.

Conversely, assume that for all ¢ € P([0, 1]), a nonempty subset L(H;e)
of Ais a UP-filter of A. Let x € A. Then hy(z) € P([0,1]). Choose € = hy(x) €
P([0,1]). Then hy(z) Ce. Thus z € L(H;e). By assumption, we have L(H;¢) is
a UP-filter of A and so 0 € L(H;e). Therefore, hy(0) C € = hy(z).

Next, let z,y € A. Then hy(z - y),hg(z) € P([0,1]). Choose ¢ =
hy(z - y) U hg(z) € P([0,1]). Then hy(z - y) C € and hy(x) C . Thus z -
y,x € L(H;e) # (). By assumption, we have L(H;¢) is a UP-filter of A and so
y € L(H;¢). Therefore, hy(y) C ¢ = hy(z-y)Uhy(x). Hence, H is an anti-hesitant
fuzzy UP-filter of A. m

Theorem 4.3.6 A hesitant fuzzy set H on A is an anti-hesitant fuzzy UP-ideal
of A if and only if for all e € P([0,1]), a nonempty subset L(H;e) of A is a
UP-ideal of A.

Proof. Assume that H is an anti-hesitant fuzzy UP-ideal of A. Let € € P([0,1])
be such that L(H;¢e) # () and let 2 € A be such that x € L(H;¢). Then hy(z) C e.

Since H is an anti-hesitant fuzzy UP-ideal of A, we have hg(0) C hy(x) C € and
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thus 0 € L(H;e).

Next, let x,y,z € A be such that x - (y - 2) € L(H;¢) and y € L(H;e).
Then hy(z-(y-2)) C € and hy(y) C . Since H is an anti-hesitant fuzzy UP-ideal
of A, we have hy(z - 2) C hy(z - (y-2)) Uhg(y) C ¢ and thus - z € L(H;e).
Hence, L(H;e) is a UP-ideal of A.

Conversely, assume that for all e € P([0,1]), a nonempty subset L(H;e)
of Ais a UP-ideal of A. Let x € A. Then hy(z) € P([0,1]). Choose ¢ = hy(x) €
P([0,1]). Then hy(z) C e. Thus z € L(H;e) # (). By assumption, we have
L(H;e) is a UP-ideal of A and so 0 € L(H;¢). Therefore, hy(0) C € = hy(z).

Next, let z,y,2 € A. Then hy(z - (y - 2)),hu(y) € P([0,1]). Choose
e =hy(z-(y-2))Uhu(y) € P([0,1]). Then hy(x - (y-2)) C e and hy(y) C e.
Thus z - (y- 2),y € L(H;e) # (). By assumption, we have L(H;e¢) is a UP-ideal of
A and so x-z € L(H;e). Therefore, hy(z-2) C e =hn(x-(y-2)) Uhu(y). Hence,

H is an anti-hesitant fuzzy UP-ideal of A. O]
Theorem 4.3.7 Let H be a hesitant fuzzy set on A. Then the following state-
ments are equivalent:

(1) H is an anti-hesitant fuzzy strongly UP-ideal of A,

(2) a nonempty subset L(H;e) of A is a strongly UP-ideal of A for all € €
P([0,1]), and

(3) a nonempty subset U(H;e) of A is a strongly UP-ideal of A for all € €
P([0,1]).

Proof. (1)=-(2) Assume that H is an anti-hesitant fuzzy strongly UP-ideal of A.
By Theorem [4.2.9] we obtain H is a constant hesitant fuzzy set on A and so
hp(z) = hu(y) for all z,y € A. Let e € P([0, 1]) be such that L(H;e) # (). There
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exists a € L(H;¢) be such that hg(a) C . Thus hy(z) = hu(a) Cecforallz € A
and so x € L(H;e) for all x € A. Therefore, L(H;e) = A. Hence, L(H;¢) is a
strongly UP-ideal of A.

(2)=-(3) Assume that for all € € P([0,1]), a nonempty subset L(H;e) of
A is a strongly UP-ideal of A. Let e € P([0,1]) be such that U(H;e) # 0. If
U(H;e) # A, then there exist x € U(H;¢) and y ¢ U(H;e). So hu(z) 2 ¢ and
hu(y) 2 e. Consider, e, = hy(y) € P([0,1]). Then y € L(H;¢,) and ¢, 2 . By
assumption, we have L(H;e,) is a strongly UP-ideal of A and so L(H;¢e,) = A.
Thus hy(z) C e,. Since hy(z) D e, we have ¢, D ¢, a contradiction. Therefore,

U(H;e) = A. Hence, U(H;¢) is a strongly UP-ideal of A.

(3)=(1) Assume that for all ¢ € P([0, 1]), a nonempty subset U(H;¢) of A
is a strongly UP-ideal of A. Assume that H is not a constant hesitant fuzzy set on
A. There exist ¢,y € A be such that hy(z) # hu(y). Now, x € U(H; hy(x)) # 0
and y € U(H; hu(y)) # 0. By assumption, we have U(H; hy(x)) and U(H; hy(y))
are strongly UP-ideals of A and thus U(H;hy(z)) = A = U(H;hu(y)). Then
x € UH;hu(y)) and y € U(H; hg(z)). Thus hy(z) 2 hg(y) and hg(y) 2 hg(x).
So hy(z) = hu(y), a contradiction. Therefore, H is a constant hesitant fuzzy set
on A. By Theorem [£.2.9] we obtain H is an anti-hesitant fuzzy strongly UP-ideal
of A. ]

Theorem 4.3.8 Let H be a hesitant fuzzy set on A. Then the following state-

ments hold:

(1) if H is an anti-hesitant fuzzy UP-subalgebra of A, then for all e € P([0,1]),
L~ (H;¢) is a UP-subalgebra of A if L~ (H;e) is nonempty, and

(2) if Im(H) is a chain and for all e € P([0,1]), a nonempty subset L~ (H;e) of
A is a UP-subalgebra of A, then H is an anti-hesitant fuzzy UP-subalgebra
of A.
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Proof. (1) Assume that H is an anti-hesitant fuzzy UP-subalgebra of A. Let
e € P([0,1]) be such that L~ (H; &) # 0, and let 2,y € A be such that x € L~ (H;¢)
and y € L™ (H;e). Then hy(z) C € and hy(y) C . Since H is an anti-hesitant
fuzzy UP-subalgebra of A, we have hy(z - y) C hy(x) U hy(y) C ¢ and thus
x-y € L™ (H;¢e). Hence, L~ (H;¢) is a UP-subalgebra of A.

(2) Assume that Im(H) is a chain and for all € € P([0,1]), a nonempty
subset L~ (H;e) of A is a UP-subalgebra of A. Assume that there exist z,y € A
such that hy(z - y) € hu(z) Uhg(y). Since Im(H) is a chain, we have hy(z - y) D
hy(z) Uhg(y). Choose € = hy(z - y) € P([0,1]). Then hy(z) C € and hy(y) C e.
Thus x,y € L~ (H;e) # (). By assumption, we have L~ (H;e) is a UP-subalgebra
of Aand so x -y € L~ (H;¢e). Thus hy(z -y) C € = hy(z - y), a contradiction.
Therefore, hy(z-y) C hy(z) Uhu(y) for all x,y € A. Hence, H is an anti-hesitant
fuzzy UP-subalgebra of A. O

Example 4.3.9 Let A = {0,1,2,3,4} be a set with a binary operation - defined

by the following Cayley table:

012 3 4
0j0 1 2 3 4
110 0 0 0 O
2/0 2000
30 2 2 00
410 2 2 4 0

Then (A, -,0) is a UP-algebra. We define a hesitant fuzzy set H on A as follows:

hya(0) = (0, 1), (1) = [0, 1), e (2) = (0, 1), h(3) = [0, 1), and. g (4) = [0, 1)

Then Im(H) is not a chain. If ¢ C (0,1), then L= (H;e) = (. If ¢ = [0,1) or
e = (0,1}, then L~ (H;e) = {0}. If ¢ = [0, 1], then. L~ (H;¢) = {0, 1,2,3}. Using
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this data, we can show that all nonempty subset L~ (H;¢) of A is a UP-subalgebra
of A. Since hy(3-1) =hy(2) = (0,1] € [0,1) = hy(3) Uhy(1), we have H is not

an anti-hesitant fuzzy UP-subalgebra of A.

Theorem 4.3.10 Let H be a hesitant fuzzy set on A. Then the following state-

ments hold:

(1) if H is an anti-hesitant fuzzy UP-filter of A, then for all ¢ € P([0,1]),
L= (H;e) is a UP-filter of A if L~ (H;e) is nonempty, and

(2) if Im(H) is a chain and for all e € P([0,1]), a nonempty subset L~ (H;¢e) of
A is a UP-filter of A, then H is an anti-hesitant fuzzy UP-filter of A.

Proof. (1) Assume that H is an anti-hesitant fuzzy UP-filter of A. Let ¢ €
P([0,1]) be such that L~ (H;e) # () and let € A be such that x € L~ (H;e).
Then hp(x) C e. Since H is an anti-hesitant fuzzy UP-filter of A, we have
hy(0) € hy(z) C € and thus 0 € L~ (H;¢).

Next, let z,y € A be such that x -y € L~ (H;¢) and x € L~ (H;e). Then
hp(z-y) C € and hy(z) C e. Since H is an anti-hesitant fuzzy UP-filter of A, we
have hy(y) C hy(x - y) Uhu(z) C € and thus y € L~ (H;¢). Hence, L~ (H;¢) is a
UP-filter of A.

(2) Assume that Im(H) is a chain and for all € € P([0,1]), a nonempty
subset L™ (H;e) of A is a UP-filter of A. Assume that there exists z € A such
that hy(0) € hy(z). Since Im(H) is a chain, we have hy(0) D hy(z). Choose
e = hy(0) € P([0,1]). Then hy(x) C hy(0) = e. Thus z € L~ (H;e) # 0. By
assumption, we have L™ (H;¢) is a UP-filter of A and so 0 € L™ (H;¢). Therefore,

hi(0) C e = hy(0), a contradiction. Hence, hg(0) C hy(z) for all z € A.

Next, assume that there exist 2,y € A such that hy(y) € hy(z-y)Uhu(z).

Since Im(H) is a chain, we have hy(y) D hg(z - y) U hy(z). Choose ¢ = hy(y) €
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P([0,1]). Then hy(z - y) C € and hy(x) C e. Thus z - y,x € L™ (H;e) # 0.
By assumption, we have L~ (H;e) is a UP-filter of A and so y € L~ (H;e). Thus
hu(y) C e = hy(y), a contradiction. Therefore, hy(y) C hy(z - y) U hy(z) for all

x,y € A. Hence, H is an anti-hesitant fuzzy UP-filter of A. [

Example 4.3.11 Let A = {0,1,2,3,4} be a set with a binary operation - defined

by the following Cayley table:

012 3 4
0(0 1 2 3 4
110 0 1 3 4
2/0 0 0 3 4
3/0 00 0 4
410 0 0 0O

Then (A, -,0) is a UP-algebra. We define a hesitant fuzzy set H on A as follows:

hyr(0) = (0,1), hyy(1) = [0, 1), hyr(2) = (0, 1], hre(3) = [0, 1], and hy(4) = [0, 1].

Then Im(H) is not a chain. If ¢ C (0,1), then L= (H;e) = (. If ¢ = [0,1) or
e = (0,1], then L=(H;e) = {0}. If ¢ = [0,1], then L=(H;e) = {0,1,2}. Using
this data, we can show that all nonempty subset L~ (H;e) of A is a UP-filter of
A. Since hy(2) = (0,1] € [0,1) = hg(1) Uhg(1) = hy(1-2) Uhg(1l), we have H is

not an anti-hesitant fuzzy UP-filter of A.
Theorem 4.3.12 Let H be a hesitant fuzzy set on A. Then the following state-

ments hold:

(1) if H is an anti-hesitant fuzzy UP-ideal of A, then for all ¢ € P([0,1]),
L=(H;e) is a UP-ideal of A if L~ (H;e) is nonempty, and
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(2) if Im(H) is a chain and for all € € P([0,1]), a nonempty subset L~ (H;¢e) of
A is a UP-ideal of A, then H is an anti-hesitant fuzzy UP-ideal of A.

Proof. (1) Assume that H is an anti-hesitant fuzzy UP-ideal of A. Let ¢ €
P([0,1]) be such that L~ (H;e) # 0 and let € A be such that x € L~ (H;e).
Then hp(x) C e. Since H is an anti-hesitant fuzzy UP-ideal of A, we have
hp(0) € hy(z) C € and thus 0 € L™ (H;¢).

Next, let z,y,z € A be such that - (y-2z) € L~ (H;¢) and y € L™ (H;¢).
Then hy(x-(y-2)) C € and hy(y) C €. Since H is an anti-hesitant fuzzy UP-ideal
of A, we have hy(z - z) C hy(x - (y - 2)) Uhu(y) C € and thus x - z € L~ (H;e).
Hence, L~ (H;¢) is a UP-ideal of A.

(2) Assume that Im(H) is a chain and for all € € P([0,1]), a nonempty
subset L~ (H;¢) of A is a UP-ideal of A. Assume that there exists © € A such
that hy(0) € hy(z). Since Im(H) is a chain, we have hy(0) D hyg(z). Choose
e = hy(0) € P([0,1]). Then hy(x) C hy(0) = e. Thus r € L~ (H;e) # 0. By
assumption, we have L~ (H;¢) is a UP-ideal of A and so 0 € L~ (H;¢). Therefore,

hp(0) C e = hy(0), a contradiction. Hence, hy(0) C hy(z) for all z € A.

Next, assume that there exist z,y, z € A such that hy(z - 2) € hy(z - (y-
z)) U hy(y). Since Im(H) is a chain, we have hy(x - 2) D hy(x - (y - 2)) U hu(y).
Choose € = hy(z - z) € P([0,1]). Then hy(z - (y - z)) C € and hy(y) C . Thus
x-(y-2),y € L™ (H;e) # (. By assumption, we have L~ (H;e) is a UP-ideal of A
and so z-z € L™ (H;e). Thus hy(z-2) C € = hy(z-2), a contradiction. Therefore,
hy(z - 2) Chy(zr- (y-2)) Uhu(y) for all z,y, 2 € A. Hence, H is an anti-hesitant
fuzzy UP-ideal of A. O]

Example 4.3.13 Let A = {0,1,2,3,4} be a set with a binary operation - defined
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by the following Cayley table:

012 3 4
0(0 1 2 3 4
110 0 2 3 4
2/0 0 0 3 4
310 0 2 0 4
410 0 0 0 O

Then (A, -,0) is a UP-algebra. We define a hesitant fuzzy set H on A as follows:
hu(0) = (0,1),hu(1) = [0,1),hu(2) = [0, 1], hx(3) = (0, 1], and hy(4) = [0, 1].

Then Im(H) is not a chain. If ¢ C (0,1), then L~ (H;e) = (. If ¢ = [0,1) or
e = (0,1], then L™ (H;e) = {0}. If ¢ = [0,1], then L~ (H;e) = {0,1,3}. Using
this data, we can show that all nonempty subset L~ (H;e) of A is a UP-ideal of A.
Since hy(0- 1) = hy(1) =[0,1) € (0,1] = hy(0) Uhu(3) =hu(0- (3-1)) Uhu(3),

we have H is not an anti-hesitant fuzzy UP-ideal of A.

Theorem 4.3.14 Let H be a hesitant fuzzy set on A. Then the following state-

ments hold:

(1) if H is an anti-hesitant fuzzy strongly UP-ideal of A, then for all € €
P([0,1]), L™ (H;e) is a strongly UP-ideal of A if L~ (H;e) is nonempty,

and

(2) if Im(H) is a chain and for all € € P([0,1]), a nonempty subset L~ (H;e)
of A is a strongly UP-ideal of A, then H is an anti-hesitant fuzzy strongly
UP-ideal of A.

Proof. (1) Assume that H is an anti-hesitant fuzzy strongly UP-ideal of A. By
Theorem [4.2.9) we obtain H is a constant hesitant fuzzy set on A and so hy(z) =
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hy(y) for all 2,y € A. Let e € P([0,1]) be such that L™ (H;e) # (). There exists
a € L~ (H;e) be such that hg(a) C e. Thus hy(z) = hg(a) C € for all z € A and
so x € L™ (H;e) for all x € A. Therefore, L~ (H;e) = A. Hence, L~ (H;¢) is a
strongly UP-ideal of A.

(2) Assume that Im(H) is a chain and for all € € P([0,1]), a nonempty
subset L~ (H;¢) of A is a strongly UP-ideal of A. Assume that H is not a constant
hesitant fuzzy set on A. There exist z,y € A be such that hy(z) # hy(y). Since
Im(H) is a chain, we have hy(z) C hy(y) or hy(z) D hyx(y). Without loss of
generality, assume that hy(x) C hu(y), then z € L™ (H; hu(y)) # 0. By assump-
tion, we have L~ (H;hp(y)) is a strongly UP-ideal of A and so L~ (H;hu(y)) = A.
Thus y € A = L~ (H;hu(y)) and so hy(y) C hu(y), a contradiction. Therefore,
H is a constant hesitant fuzzy set on A. By Theorem [4.2.9) we obtain H is an

anti-hesitant fuzzy strongly UP-ideal of A. O]

Example 4.3.15 Let A = {0, 1} be a set with a binary operation - defined by

the following Cayley table:
0 1

0/0 1
110 0

Then (A, -,0) is a UP-algebra. We define a hesitant fuzzy set H on A as follows:

hy(0) = (0, 1], and hy(1) = [0, 1).

Then Im(H) is not a chain. If ¢ C [0,1) or e C (0,1], then L= (H;e) = 0. If
e = [0,1], then L=(H;e) = A. Thus a nonempty subset L~ (H;e) of A is a
strongly UP-ideal of A. By Theorem |4.2.9 and H is not a constant hesitant fuzzy

set on A, we have H is not an anti-hesitant fuzzy strongly UP-ideal of A.

Theorem 4.3.16 A hesitant fuzzy set H on A is an anti-hesitant fuzzy UP-
subalgebra of A if and only if for all ¢ € P([0,1]), a nonempty subset U(H;e) of
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A is a UP-subalgebra of A.

Proof. Assume that H is an anti-hesitant fuzzy UP-subalgebra of A. Let ¢ €
P([0,1]) be such that U(H;e) # 0, and let 2,y € A be such that x € U(H; ) and
y € U(H;¢). Then hy(x) 2 ¢ and hy(y) 2 e. Since H is an anti-hesitant fuzzy
UP-subalgebra of A, we obtain hg(z-y) C hy(z) Uhg(y). By Lemma 4.3.2[(2)] we
have [0, 1] =hu(z-y) € ([0, 1] =hu(2)) U ([0, 1] = hu(y)) = [0,1] = (hu(z) Nhu(y)).
Thus hy(x - y) 2 hg(z) Nhy(y) 2 €. Therefore, z -y € U(H;e). Hence, U(H;¢)
is a UP-subalgebra of A.

Conversely, assume that for all € € P([0, 1]), a nonempty subset U(H;¢)
of A is a UP-subalgebra of A. Let z,y € A. Choose ¢ = hy(z)Nhu(y) € P([0,1]).
Then hy(x) O e and hy(y) D . Thus z,y € U(H;e) # 0. By assumption,
we have U(H;e) is a UP-subalgebra of A and so z -y € U(H;e). Therefore,
hu(z - y) D e = hg(z) Nhy(y). By Lemma 4.3.2 we have

hg(z - y) = [0,1] — hu(z - y)
C [0,1] — (h(z) Nhu(y))
= ([0,1] — hg(=)) U ([0,1] — hu(y))

= hg(2) Uhg(y).

Hence, H is an anti-hesitant fuzzy UP-subalgebra of A. O]

Theorem 4.3.17 A hesitant fuzzy set H on A is an anti-hesitant fuzzy UP-filter
of A if and only if for all ¢ € P([0,1]), a nonempty subset U(H;e) of A is a
UP-filter of A.

Proof. Assume that H is an anti-hesitant fuzzy UP-filter of A. Let e € P([0, 1]) be
such that U(H;e) # 0, and let « € A be such that x € U(H;e). Then hy(z) 2 e.

Since H is an anti-hesitant fuzzy UP-filter of A, we have hg(0) C hg(z). Thus
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[0,1]=hg(0) C [0,1]—hgy(x). Therefore, hy(0) 2 hy(x) O . Hence, 0 € U(hy;e).

Next, let x,y € A be such that x -y € U(H;¢) and € U(H;e). Then
hi(z - y) 2 ¢ and hy(x) D . Since H is an anti-hesitant fuzzy UP-filter of
A, we have hg(y) C hg(z - y) U hg(z). By Lemma 4.3.2 [(2) we have [0,1] —
ha(y) € (10,1] — by (2 - ) U ([0, 1 = hia(2)) = [0, 1] — (b - y) (1 ha(2)). Thus
hu(y) 2 hu(z - y) Nhy(z) D e. Therefore, y € U(H;e). Hence, U(H;e) is a
UP-filter of A.

Conversely, assume that for all € € P([0,1]), a nonempty subset U(H;¢)
of A is a UP-filter of A. Let 2 € A. Choose ¢ = hy(z) € P([0,1]). Then
hy(z) D e. Thus x € U(H;e) # 0. By assumption, we have U(H;¢) is a UP-
filter of A and so 0 € U(H;¢). Therefore, hy(0) O ¢ = hu(x). Hence, hi(0) =
0,1] = hy(0) € [0, 1] — hig() = hig(a)

Next, let z,y € A. Choose ¢ = hu(x - y) Nhu(z) € P([0,1]). Then
hy(z - y) 2 ¢ and hy(xz) 2 e. Thus z - y,z € U(H;e) # (). By assumption, we
have U(H;e) is a UP-filter of A and so y € U(H;¢). Therefore, hy(y) 2 ¢ =
hy(x - y) Nhy(z). By Lemma 4.3.2 we have

hi(y) = [0,1] — hu(y)
C [0,1] = (hu(z - y) Nhy(x))
= ([0,1] = hg(z - y)) U ([0, 1] — hu(z))

= hg(z - y) U hg(z).

Hence, H is an anti-hesitant fuzzy UP-filter of A. [

Theorem 4.3.18 A hesitant fuzzy set H on A is an anti-hesitant fuzzy UP-ideal
of A if and only if for all ¢ € P([0,1]), a nonempty subset U(H;e) of A is a
UP-ideal of A.
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Proof. Assume that H is an anti-hesitant fuzzy UP-ideal of A. Let e € P([0, 1]) be
such that U(H;e) # (), and let 2 € A be such that € U(H;¢e). Then hy(z) D e.
Since H is an anti-hesitant fuzzy UP-ideal of A, we have h(0) C hg(z). Thus
[0,1] —hg(0) € [0,1] —hy(x). Therefore, hy(0) D hy(z) D e. Hence, 0 € U(H;¢).

Next, let z,y,z € A be such that = - (y-2) € U(H;e) and y € U(H;¢).
Then hy(x - (y - 2)) D e and hy(y) D e. Since H is an anti-hesitant fuzzy
UP-ideal of A, we obtain hg(z - 2) C hg(x - (y - 2)) U hg(y). By Lemma 4.3.2
[2)l we have [0,1] — hy(z - 2) € ([0,1] = hu(z - (y - 2))) U ([0,1] — hu(y)) =
[0,1] = (hu(z - (y - 2)) Nha(y)). Thus hu(z - 2) 2 hu(z - (y - 2)) Uhna(y) 2 e
Therefore, x - z € U(H;¢). Hence, U(H;¢) is a UP-ideal of A.

Conversely, assume that for all € € P([0,1]), a nonempty subset U(H;¢)
of A is a UP-ideal of A. Let x € A. Choose ¢ = hy(z) € P([0,1]). Then
hy(z) D e. Thus « € U(H;e) # 0. By assumption, we have U(H;¢) is a UP-
ideal of A and so 0 € U(H;¢). Therefore, hy(0) O ¢ = hy(z). Hence, hi(0) =
[0,1] —hyg(0) € [0,1] — hy(z) = hg(z).

Next, let z,y,2 € A. Choose ¢ = hy(z - (v - 2)) N hu(y) € P([0,1]).
Then hy(z - (y-2)) 2 e and hy(y) 2 e. Thus x - (y - 2),y € U(H;e) # 0. By
assumption, we have U(H;¢) is a UP-ideal of A and so -z € U(H;¢). Therefore,
hy(z-2) D e =hu(z- (y-2)) Nhu(y). By Lemma 4.3.2[(2)] we have

hg(z - z) =[0,1] — hu(x - 2)
C 0,1 = (hu(z - (y - 2)) N ha(y))
= ([0,1] = hu(z - (y - 2))) U ([0,1] = hu(y))

= hg(z - (y - 2)) Uhg(y).

Hence, H is an anti-hesitant fuzzy UP-ideal of A. O

Theorem 4.3.19 Let H be a hesitant fuzzy set on A. Then the following state-
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ments are equivalent:

(1) H is an anti-hesitant fuzzy strongly UP-ideal of A,

(2) a nonempty subset U(H;e) of A is a strongly UP-ideal of A for all € €
P([0,1]), and

(3) a nonempty subset L(H;e) of A is a strongly UP-ideal of A for all € €
P([0,1]).

Proof. Tt is straightforward by Theorem and Corollary [4.2.11] O

Theorem 4.3.20 Let H be a hesitant fuzzy set on A. Then the following state-

ments hold:

(1) if H is an anti-hesitant fuzzy UP-subalgebra of A, then for all e € P([0,1]),
Ut (H;e) is a UP-subalgebra of A if UT(H;¢) is nonempty, and

(2) if Im(H) is a chain and for all € € P([0,1]), a nonempty subset Ut (H;e) of
A is a UP-subalgebra of A, then H is an anti-hesitant fuzzy UP-subalgebra
of A.

Proof. (1) Assume that H is an anti-hesitant fuzzy UP-subalgebra of A. Let € €
P([0,1]) be such that UT(H;e) # 0, and let x,y € A be such that z € Ut (H;¢)
and y € U (H;e). Then hy(z) D € and hy(y) D €. Since H is an anti-hesitant
fuzzy UP-subalgebra of A, we obtain hy(z-y) C hg(z) Uhg(y). By Lemma 4.3.2
[2)} we have [0, 1] =hu(z-y) € ([0, 1] = hu(z)) U ([0, 1] = hu(y)) = [0, 1] = (hu(x) N
hy(y)). Thus hy(z - y) D hu(z) Nhu(y) D e. Therefore, z -y € UT(H;e). Hence,
U*(H;e) is a UP-subalgebra of A.

(2) Assume that Im(H) is a chain and for all € € P([0,1]), a nonempty
subset Ut (H;e) of A is a UP-subalgebra of A. Assume that there exist x,y € A
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such that hy(z - y) € hy(z) Uhg(y). Since Im(H) is a chain, we have hy(z - y) D
hp(z) Uhg(y). By Lemma 4.3.2[(2)], we have [0, 1] — hg(z-y) D ([0,1] — hu(z)) U
([0,1] = hu(y)) = [0,1] = (hu(z) N hu(y)). Thus hu(z - y) C hu(z) N hu(y).
Choose € = hy(z - y) € P([0,1]). Then hy(x) D e and hy(y) D e. Thus
x,y € UT(H;e) # 0. By assumption, we have U'(H;¢) is a UP-subalgebra of A
and so z-y € UT(H;¢). Thus hy(z-y) D e = hy(z-y), a contradiction. Therefore,
hi(z - y) C hg(z) U hg(y) for all 7,y € A. Hence, H is an anti-hesitant fuzzy
UP-subalgebra of A. O

Example 4.3.21 From a UP-algebra A = {0, 1,2,3,4} of Example [4.3.9) We

define a hesitant fuzzy set H on A as follows:
hy(0) = {0, 1}, hu(1) = {1}, hu(2) = {0}, hu(3) = {1}, and hu(4) = 0.

Then Im(H) is not a chain. If e = {1} or ¢ = {0}, then U"(H;e) = {0}. If
e = (), then UT(H;e) = {0, 1,3}. Otherwise, Ut (H;e) = (). Using this data, we
can show that all nonempty subset Ut (H;e) of A is a UP-subalgebra of A. By
Definition [4.1.2] we have

hgg(0) = (0,1), hg(1) = [0,1), hg(2) = (0, 1], hg(3) = [0, 1), and hg(3) = [0,1].
Since hi(3 - 1) = hi(2) = (0,1] € [0,1) = h(3) U hgg(1), we have H is not an
anti-hesitant fuzzy UP-subalgebra of A.

Theorem 4.3.22 Let H be a hesitant fuzzy set on A. Then the following state-
ments hold:

(1) if H is an anti-hesitant fuzzy UP-filter of A, then for all ¢ € P([0,1]),

U*(H;e) is a UP-filter of A if Ut (H;e) is nonempty, and

(2) if Im(H) is a chain and for all ¢ € P([0,1]), a nonempty subset U (H;¢)
of A is a UP-filter of A, then H is an anti-hesitant fuzzy UP-filter of A.
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Proof. (1) Assume that H is an anti-hesitant fuzzy UP-filter of A. Let ¢ €
P([0,1]) be such that UT(H;e) # 0, and let © € A be such that z € U™ (H;¢).
Then hy(z) D e. Since H is an anti-hesitant fuzzy UP-filter of A, we have
hi(0) € hg(z). Thus [0, 1]—hy(0) C [0, 1]—hg(z). Therefore, hy(0) D hy(z) D e.
Hence, 0 € U (hy; e).

Next, let z,y € A be such that x -y € UT(H;e) and xz € UT(H;e).
Then hg(z - y) D € and hy(x) D e. Since H is an anti-hesitant fuzzy UP-
filter of A, we have hg(y) C hg(z - y) U hg(z). By Lemma 4.3.2 [(2)] we have
[0,1] = ha(y) < ([0,1] = hu(z-y)) U([0,1] = hau(z)) = [0,1] — (hu(z - y) Vha(z)).
Thus hy(y) 2 hg(z - y) Nhy(z) D . Therefore, y € UT(H;e). Hence, UT(H;e)
is a UP-filter of A.

(2) Assume that Im(H) is a chain and for all € € P([0,1]), a nonempty
subset UT(H;¢) of A is a UP-filter of A. Assume that there exists € A such
that hy(0) € hy(x). Since Im(H) is a chain, we have hg(0) D hy(z). and thus
[0,1] — hy(0) D [0,1] — hy(x). So hy(0) C hy(x). Choose ¢ = hy(0) € P([0,1]).
Then hy(z) D e. Thus x € UT(H;e) # 0. By assumption, we have U*(H;e)
is a UP-filter of A and so 0 € L~ (H;e). Therefore, hy(0) D ¢ = hy(0), a

contradiction. Hence, hi(0) C hy(z) for all z € A.

Next, assume that there exist 2, y € A such that hg(y) € hg(z-y)Uhg(z).
Since Im(H) is a chain, we have hy(y) D hg(z-y)Uhg(z). By Lemma 4.3.2[(2)] we
have [0, 1]~ ha(y) > ([0, 1]~ hia(z9)) U([0, 1] ~h(2)) = [0, 1] — (hua(z-) e ().
Thus hy(y) C hy(z-y)Nhy(z). Choose € = hy(y) € P([0,1]). Then hy(x-y) De
and hy(z) De. Thus z-y,x € UT(H;e) # 0. By assumption, we have U™ (H;¢) is
a UP-filter of A and so y € UT(H;¢). Thus hu(y) D ¢ = hu(y), a contradiction.
Therefore, hi(y) € hig(x - y) Uhg(x) for all 2,y € A. Hence, H is an anti-hesitant
fuzzy UP-filter of A. m

Example 4.3.23 From a UP-algebra A = {0,1,2,3,4} of Example |4.3.11, We
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define a hesitant fuzzy set H on A as follows:

hys(0) = {0, 1}, hia(1) = {1}, hu(2) = {0}, hu(3) = 0, and hy(4) = 0.

Then Im(H) is not a chain. If e = {1} or ¢ = {0}, then Ut (H;¢) = {0}. If e = 0),
then Ut(H;e) = {0,1,2}. Otherwise, UT(H;e) = 0. Using this data, we can
show that all nonempty subset U (H;¢e) of A is a UP-filter of A. By Definition
[4.1.2] we have

hﬁ<o) = (07 1)7hﬁ<1) = [07 1)7 hﬁ(z) T (07 1]7hﬁ<3) = [07 1]7 and hﬁ(4) = [07 1]'

Since hig(2) = (0,1] € [0,1) = hi(1) Uhg(1) = h(1-2) Uhg(1), we have H is not

an anti-hesitant fuzzy UP-filter of A.

Theorem 4.3.24 Let H be a hesitant fuzzy set on A. Then the following state-

ments hold:

(1) if H is an anti-hesitant fuzzy UP-ideal of A, then for all ¢ € P([0,1]),
U*(H;e) is a UP-ideal of A if UT(H;¢) is nonempty, and

(2) if Im(H) is a chain and for all ¢ € P([0,1]), a nonempty subset UT(H;e)
of A is a UP-ideal of A, then H is an anti-hesitant fuzzy UP-ideal of A.

Proof. (1) Assume that H is an anti-hesitant fuzzy UP-ideal of A. Let ¢ €
P([0,1]) be such that U*(H;e) # 0, and let x € A be such that z € U(H;e).
Then hy(z) D e. Since H is an anti-hesitant fuzzy UP-ideal of A, we have
hg(0) € hg(x). Thus [0, 1]—hg(0) C [0, 1]—hg(z). Therefore, hy(0) D hy(x) D e.
Hence, 0 € U*(H;¢).

Next, let z,y, 2 € A be such that x- (y-z) € UT(H;e) and y € UT(H;¢).

Then hu(z - (y - 2)) D ¢ and hg(y) D e. Since H is an anti-hesitant fuzzy
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UP-ideal of A, we obtain hyg(z - 2) C hg(x - (y - 2)) U hi(y). By Lemma 4.3.2
(2)y we have [0,1] — hu(z - 2) € ([0,1] = hu(z - (y - 2))) U ([0,1] = hu(y)) =
0,1] — (hu(z - (y - 2)) Nhu(y)). Thus hg(z - z) 2 hy(z - (y - 2)) Nhu(y) D e.
Therefore, z - z € Ut (H;¢). Hence, UT(H;¢) is a UP-ideal of A.

(2) Assume that Im(H) is a chain and for all € € P([0,1]), a nonempty
subset UT(H;¢e) of A is a UP-ideal of A. Assume that there exists z € A such
that hg(0) € hy(x). Since Im(H) is a chain, we have h(0) D hg(z). Then
[0,1] —hg(0) D [0,1] —hy(x). Thus hy(0) C hy(z). Choose e = hy(0) € P([0,1]).
Then hy(z) D e. Thus z € UF(H;e) # 0. By assumption, we have U™ (H;e)
is a UP-ideal of A and so 0 € U*(H;e). Therefore, hy(0) D ¢ = hy(0), a

contradiction. Hence, hi(0) C hy(z) for any = € A.

Next, assume that there exist z,y, 2 € A such that hy(z - 2) € hg(x - (y-
z))Uhg(y). Since Im(H) is a chain, we have hg(z-2) D hg(z- (y-2)) Uhg(y). By
Lemma 4.3.2[(2)] we have [0, 1]—hg(z-2) D ([0, 1]—hu(z-(y-2)))U([0, 1]-hu(y)) =
[0,1] — (hg(z - (y - 2)) Nhu(y)). Thus hy(z - 2) C hy(z- (y- 2z)) Nhu(y). Choose
e = hy(z - 2) € P([0,1]). Then hy(z - (y - z)) D ¢ and hy(y) D e. Thus
x-(y-2),y € UT(H;e) # (. By assumption, we have Ut (H;e) is a UP-ideal

(
)

of Aand so z -z € L™ (H;e). Thus, hy(z-2) D e = hy(x - 2), a contradiction.
Therefore, hg(x - 2) € hg(z - (y - 2)) U hg(y) for all 2,9,z € A. Hence, H is an

anti-hesitant fuzzy UP-ideal of A. O

Example 4.3.25 From a UP-algebra A = {0,1,2,3,4} of Example |4.3.13] We

define a hesitant fuzzy set H on A as follows:
hp(0) = {0,1}, hy(1) = {1}, hu(2) = 0, hp(3) = {0}, and hy(4) = 0.

Then Im(H) is not a chain. If e = {1} or £ = {0}, then UT(H;e) = {0}. If ¢ = 0,
then Ut(H;e) = {0,1,3}. Otherwise, UT(H;e) = (). Using this data, we can
show that all nonempty subset UT(H;¢e) of A is a UP-ideal of A. By Definition
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4.1.2, we have
hﬁ(o) = (Oa 1)a hﬁ(l) = [07 1)7 hﬁ(Q) = [O’ 1]7 hﬁ(3) = (07 1]7 and hﬁ(4) = [07 1]'

Since (0 1) = hig(1) = [0.1) ¢ (0. 1] = hy(0) Uhi(3) = hig(0 - (3- 1)) Uie(3)

we have H is not an anti-hesitant fuzzy UP-ideal of A.

Theorem 4.3.26 Let H be a hesitant fuzzy set on A. Then the following state-

ments hold:

(1) if H is an anti-hesitant fuzzy strongly UP-ideal of A, then for all € €
P([0,1]), UM (H;e) is a strongly UP-ideal of A if UtT(H;e) is nonempty,

and

(2) if Im(H) is a chain and for all € € P([0,1]), a nonempty subset U™ (H;e)
of A is a strongly UP-ideal of A, then H is an anti-hesitant fuzzy strongly
UP-ideal of A.

Proof. (1) Assume that H is an anti-hesitant fuzzy strongly UP-ideal of A. By
Theorem we obtain H is a constant hesitant fuzzy set on A. By Corollary
[1.2.11] we have H is a constant hesitant fuzzy set on A and so hy(z) = hy(y)
for all z,y € A. Let ¢ € P([0,1]) be such that U"(H;e) # 0. There exists
a € Ut(H;e) be such that hy(a) D e. Thus hy(z) = hu(a) D e for all z € A and
so z € UT(H;e) for all x € A. Therefore, UT(H;e) = A. Hence, Ut (H;¢) is a
strongly UP-ideal of A.

(2) Assume that Im(H) is a chain and for all € € P([0,1]), a nonempty
subset U+ (H;¢) of A is a strongly UP-ideal of A. Assume that H is not a constant
hesitant fuzzy set on A. By Corollary [4.2.11] we have H is not a constant hesitant
fuzzy set on A. There exist z,y € A be such that hy(z) # hg(y). Since Im(H)

is a chain, we have hg(z) C hu(y) or hg(z) D hy(y). Without loss of generality,
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assume that hy(z) C hg(y), then y € UT(H;hu(z)) # 0. By assumption, we
have U™ (H; hyg(z)) is a strongly UP-ideal of A and so U*(H;hg(z)) = A. Thus
v € A = UT(H;hg(r)) and so hy(z) C hy(z), a contradiction. Therefore, H
is a constant hesitant fuzzy set on A. By Theorem , we obtain H is an

anti-hesitant fuzzy strongly UP-ideal of A. ]

Example 4.3.27 From a UP-algebra A = {0, 1} of Example 4.3.15, We define a

hesitant fuzzy set H on A as follows:
hy(0) = {0}, and hy(1) = {1}.

Then Im(H) is not a chain. Ife = ), then U™ (H; &) = A. Otherwise, Ut (H;¢) = 0.
Thus a nonempty subset U™ (H; ¢) of A is a strongly UP-ideal of A. By Definition
4.1.2) we have

h(0) = (0, 1], and hig(1) = [0,1).

By Theorem and because H is not a constant hesitant fuzzy set on A, we

have H is not an anti-hesitant fuzzy strongly UP-ideal of A.

Theorem 4.3.28 If a hesitant fuzzy set H on A is an anti-hesitant fuzzy UP-
subalgebra of A, then for all € € P([0,1]), a nonempty subset E(H;e) of A is a
UP-subalgebra of A where L~ (H;¢e) is empty.

Proof. Assume that H is an anti-hesitant fuzzy UP-subalgebra of A. Let ¢ €
P([0,1]) be such that E(H;e) # @ but L~ (H;e) = 0, and let 2,y € A be such
that x € F(H;e) and y € E(H;¢). Then hy(x) = ¢ and hg(y) = €. Because H is
an anti-hesitant fuzzy UP-subalgebra of A, we have hy(z-y) C hy(z)Uhg(y) = .
Thus z -y € L(H;¢e). Since L™ (H;¢e) is empty, we obtain L(H;e) = L~ (H;e) U
EH;e) =0UE(H;e) = E(H;¢e). Therefore, 2 -y € E(H;¢). Hence, E(H;¢) is a
UP-subalgebra of A. O
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The following example show that the converse of Theorem 4.3.2§] is not
true in general.

Example 4.3.29 Let A = {0,1,2,3} be a set with a binary operation - defined

by the following Cayley table:

—

o O O O | O
S @
—_

o W W w | w

Then (A, -,0) is a UP-algebra. We define a hesitant fuzzy set H on A as follows:

hyr(0) = 0, hy(1) = [0,0.6], hyy(2) = [0,0.3], and hy(3) = [0,0.3].

If ¢ # (), then L™ (H;e) # 0. If e = @, then L~ (H;e) = 0 and E(H;e) = {0}.
Thus E(H;¢) is clearly a UP-subalgebra of A. Since hy(3-2) = hy(1) = [0,0.6] €
[0,0.3] = hi(3) Uhy(2), we have H is not an anti-hesitant fuzzy UP-subalgebra
of A.

Theorem 4.3.30 If a hesitant fuzzy set H on A is an anti-hesitant fuzzy UP-filter
of A, then for all e € P([0,1]), a nonempty subset E(H;e) of A is a UP-filter of

A where L~ (H;¢e) is empty.

Proof. Assume that H is an anti-hesitant fuzzy UP-filter of A. Let ¢ € P([0, 1]) be
such that E(H;e) # () but L~ (H;e) = 0, and let © € A be such that x € E(H;e).
Then hy(z) = €. Because H is an anti-hesitant fuzzy UP-filter of A, we obtain
hp(0) € hy(z) = ¢ and thus 0 € L(H;e). Since L™ (H;¢) is empty, we have
0 € L(H;e) = E(H;e).



42

Next, let z,y € A be such that -y € E(H;¢e) and x € E(H;e). Then
hy(z - y) = ¢ and hy(z) = €. Because H is an anti-hesitant fuzzy UP-filter of
A, we have hy(y) C hu(z - y) Uhp(x) = e. Thus y € L(H;¢e). Since L~ (H;e) is
empty, we obtain L(H;e) = E(H;e). Therefore, y € E(H;¢). Hence, E(H;¢) is a
UP-filter of A. O

The converse of Theorem is not true in general. By Example
[1.3.29 we still have E(H;e) = {0} is a UP-filter of A. Since hy(1) = [0,0.6] ¢
[0,0.3] = hy(0) Uhy(2) = hy(2-1) Uhy(2), we have H is not an anti-hesitant
fuzzy UP-filter of A.

Theorem 4.3.31 If a hesitant fuzzy set H on A is an anti-hesitant fuzzy UP-
ideal of A, then e € P([0,1]), a nonempty subset E(H;¢e) of A is a UP-ideal of A

where L~ (H; ) is empty.

Proof. Assume that H is an anti-hesitant fuzzy UP-ideal of A. Let ¢ € P([0, 1]) be
such that F(H;e) # 0 but L™ (H;e) = 0, and let € A be such that x € E(H;e).
Then hy(z) = . Because H is an anti-hesitant fuzzy UP-ideal of A, we obtain
hp(0) C hy(zr) = € and thus 0 € L(H;e). Since L™ (H;e) is empty, we have
0 € L(H;e) = E(H;e).

Next, let z,y,z € A be such that « - (y - 2z) € E(H;e) and y € E(H;¢).
Then hy(z - (y - 2)) = ¢ and hg(y) = €. Because H is an anti-hesitant fuzzy
UP-ideal of A, we have hy(x-2) C hy(z- (y-2))Uhn(y) =¢e. Thus z-z € L(H;e).
Since L~ (H;e) is empty, we obtain L(H;e) = E(H;¢e). Therefore, z -z € E(H;e).
Hence, E(H;e¢) is a UP-ideal of A. O

The converse of Theorem [4.3.31] is not true in general. By Example
4.3.29 we still have F(H;e) = {0} is a UP-ideal of A. Since hy(0-1) = hy(1) =
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0,0.6] Z [0,0.3] = hu(0) Uhy(2) = hu(0-(2-1)) Uhy(2), we have H is not an

anti-hesitant fuzzy UP-ideal of A.

Theorem 4.3.32 A hesitant fuzzy set H on A is an anti-hesitant fuzzy strongly
UP-ideal of A if and only if E(H;hy(0)) is a strongly UP-ideal of A.

Proof. Assume that H is an anti-hesitant fuzzy strongly UP-ideal of A. By Theo-
rem [4.2.9] we obtain H is a constant hesitant fuzzy set on A and so hy(z) = hy(0)
for all x € A. Then E(H;hp(0)) = A. Hence, E(H;hg(0)) is a strongly UP-ideal
of A.

Conversely, assume that E(H;hg(0)) is a strongly UP-ideal of A. Then
E(H;hg(0)) = A and so hy(z) = hy(0) for all € A. Therefore, H is a constant
hesitant fuzzy set on A. By Theorem H is an anti-hesitant fuzzy strongly
UP-ideal of A. O

Moreover, we still obtain theorems of equal e-level subsets with a hesitant
fuzzy UP-subalgebra. (resp., hesitant fuzzy UP-filter, hesitant fuzzy UP-ideal,

hesitant fuzzy strongly UP-ideal)

Theorem 4.3.33 If a hesitant fuzzy set H on A is a hesitant fuzzy UP-subalgebra
of A, then for alle € P([0,1]), a nonempty subset E(H;e) of A is a UP-subalgebra
of A where Ut (H;e) is empty.

Proof. Assume that H is a hesitant fuzzy UP-subalgebra of A. Let ¢ € P([0, 1]) be
such that E(H;e) # 0 but UT(H;e) = 0, and let z,y € A be such that x € E(H;e¢)
and y € E(H;e). Then hy(z) = ¢ and hy(y) = €. Since H is a hesitant fuzzy
UP-subalgebra of A, we have hy(z-y) 2 hy(z) Nhy(y) =¢e. Thus -y € U(H;e).
Since U™ (H;¢) is empty, we obtain U(H;e) = Ut (H;e)UE(H;e) = U E(H;e) =
E(H;e). Therefore, -y € E(H;¢). Hence, E(H;¢) is a UP-subalgebra of A. [
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The following example show that the converse of Theorem {4.3.33|is not
true in general.

Example 4.3.34 Let A = {0,1,2,3} be a set with a binary operation - defined

by the following Cayley table:

SN

—
o o o O | O
o o O

o O W o Ww W

Then (A, -,0) is a UP-algebra. We define a hesitant fuzzy set H on A as follows:

hyr(0) = [0, 1], he(1) = {0}, hye(2) = [0,0.1], and hx(3) = [0,0.1].

If £ #[0,1], then UT(H;e) # 0. If e = [0, 1], then Ut (H;e) = () and E(H;¢e) =
{0}. Thus E(H;e) is clearly a UP-subalgebra of A. Since hy(3 - 2) = hy(1) =
{0} 2 [0,0.1] = hu(3) Nhy(2), we have H is not a hesitant fuzzy UP-subalgebra
of A.

Theorem 4.3.35 If a hesitant fuzzy set H on A is a hesitant fuzzy UP-filter of
A, then for all e € P([0,1]), a nonempty subset E(H;e) of A is a UP-filter of A

where UT(H; e) is empty.

Proof. Assume that H is a hesitant fuzzy UP-filter of A. Let ¢ € P([0,1]) be
such that E(H;e) # 0 but UT(H;e) = 0, and let x € A be such that z €
E(H;e). Then hy(x) = . Because H is a hesitant fuzzy UP-filter of A, we obtain
hp(0) 2 hy(x) = € and thus 0 € U(H;e). Since UT(H;¢) is empty, we have
0 € U(H;e) = B(H; ).



45

Next, let z,y € A be such that -y € E(H;¢e) and x € E(H;e). Then
hp(z-y) = € and hy(x) = €. Because H is a hesitant fuzzy UP-filter of A, we have
hu(y) D hu(x - y) Nhu(x) = e. Thus y € L(H;¢e). Since UT(H;e) is empty, we
obtain U(H;e) = E(H;¢). Therefore, y € E(H;e). Hence, E(H;¢) is a UP-filter
of A. [

The converse of Theorem [4.3.35| is not true in general. By Example
[1.3.34] we still have E(H;e) = {0} is a UP-filter of A. Since hy(1) = {0} 2
[0,0.1] = hy(0) Nhy(3) = hu(3 - 1) Nhy(3), we have H is not a hesitant fuzzy
UP-filter of A.

Theorem 4.3.36 If a hesitant fuzzy set H on A is a hesitant fuzzy UP-ideal of
A, then for all € € P([0,1]), a nonempty subset E(H;e) of A is a UP-ideal of A

where Ut (H; e) is empty.

Proof. Assume that H is a hesitant fuzzy UP-ideal of A. Let ¢ € P([0,1]) be
such that E(H;e) # 0 but UT(H;e) = 0, and let * € A be such that = €
E(H;e). Then hy(z) = . Because H is a hesitant fuzzy UP-filter of A, we obtain
hy(0) D hy(x) = € and thus 0 € U(H;e). Since Ut (H;¢) is empty, we have
0 € U(H;e) = E(H;e).

Next, let z,y,z € A be such that « - (y - 2) € E(H;e) and y € E(H;¢).
Then hy(z - (y-2)) =€ and hy(y) = €. Since H is a hesitant fuzzy UP-ideal of A,
we have hy(z-2) D hp(z-(y-2))Nhu(y) =¢e. Thus z-z € U(H;¢). Since L™ (H;¢)
is empty, we obtain U(H;e) = E(H;¢). Therefore, z-z € E(H;e). Hence, E(H;¢)
is a UP-ideal of A. O

The converse of Theorem [4.3.30] is not true in general. By Example

4.3.34] we still have F(H;e) = {0} is a UP-ideal of A. Since hy(3-2) = hy(1) =
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{0} 2[0,0.1] = hy(0) Nhy(2) = hu(3-(2-2)) Nhg(2), we have H is not a hesitant
fuzzy UP-ideal of A.

Theorem 4.3.37 A hesitant fuzzy set H on A is a hesitant fuzzy strongly UP-
ideal of A if and only if E(H;hy(0)) is a strongly UP-ideal of A.

Proof. 1t is straightforward by Theorem [4.3.32] and [4.2.9] m




CHAPTER V

HESITANT FUZZY SOFT SETS

9.1 Hesitant fuzzy soft sets

The concept of hesitant fuzzy soft sets, which is a link between classical

soft sets and hesitant fuzzy sets was introduced by Babitha and John [5] in 2013.

Definition 5.1.1 Let X be a reference set (or an initial universe set) and P be a
set of parameters. Let HFS(X) be the set of all hesitant fuzzy sets on X and Y
be a nonempty subset of P. A pair (ﬁ, Y) is called a hesitant fuzzy soft set over

X where H is a mapping given by

H:Y — HFS(X),p — H[p|.

We will apply the hesitant fuzzy soft set theory to UP-algebras.

Definition 5.1.2 Let Y be a nonempty subset of P. A hesitant fuzzy soft set
(ﬁ, Y) over A is called a hesitant fuzzy soft UP-subalgebra based on p € Y (we

shortly call a p-hesitant fuzzy soft UP-subalgebra) of A if the hesitant fuzzy set

Hlp := {(a, by, (a)) | a € A}

on A is a hesitant fuzzy UP-subalgebra of A. If (ﬁ, Y') is a p-hesitant fuzzy soft
UP-subalgebra of A for all p € Y, we state that (ﬁ,Y) is a hesitant fuzzy soft
UP-subalgebra of A.

Theorem 5.1.3 If (ﬁ,Y) is a hesitant fuzzy soft UP-subalgebra of A, then it

satisfies the property:

(Vp € YVz € A)(hg, (0) 2 by, (). (5.1.1)
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Proof. Assume that (ﬁ,Y) is a hesitant fuzzy soft UP-subalgebra of A and let
peY and z € A. Then H[p| is a hesitant fuzzy UP-subalgebra of A. Therefore,

hﬁ[p](o) = hy (x-x) 2 D () N D () = b (). o

Example 5.1.4 Let (Py({a,b}),-,0) is the power UP-algebra of type 1 which a

binary operation - defined by the following Cayley table:

0 {a} {b} X
0 |0 {a} {b} X
{a} |0 0 {0} {0}
{6} |0 {a} 0 {a}
X0 0 0 0

Let Y = {p1,p2,p3,ps} be a parameter set. We define a hesitant fuzzy soft set
(H,Y) over Py({a,b}) by the following table:

i 0 {a} (b} X

P1 {0.3,0.4}  {0.3} {0.4} 0

D2 [0.6,0.9] {0.9} [0.6,0.9] [0.6,0.9]
D3 (0.3,0.8) [0.3,0.5] {0.4,0.5} {0.4,0.5}
P4 [07 1) [07 1) [07 1) [07 1)

Then (ﬁ,Y) satisfies the property (5.1.1), but not a hesitant fuzzy soft UP-

subalgebra of A based on parameter ps. Indeed,

Digp, ({0} - X) = by, (fa}) = {0.9} 2 [0.6,0.9]

=10.6,0.9] N [0.6,0.9]

= hyp,,) ({0}) Nhg, (X).

Theorem 5.1.5 Let (ﬁ, Y') be a hesitant fuzzy soft set over A which satisfies the
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condition:
(Vp € YVx,y,2 € A)(2 < -y = hgy,(y) 2 hgy,(2) N hg, (@) (5.1.2)
Then it is a hesitant fuzzy soft UP-subalgebra of A.

Proof. Let p € Y and z,y € A. By Proposition 3.1.7 and (UP-3), we have
- (y-(r-y)) =2-0=0and thus z < y - (z-y). It follows form (5.1.2) that

hﬁ[p] (z-y) 2 hﬁ[p] (=) N hﬁ[p] (y)-

Therefore, ﬁ[p] is a hesitant fuzzy UP-subalgebra of A. Hence, (ﬁ,Y) is a p-
hesitant fuzzy soft UP-subalgebra of A. Since p is arbitrary, we know that (ﬁ, Y)

is a hesitant fuzzy soft UP-subalgebra of A. [

Corollary 5.1.6 If (ﬁ,Y) s a hesitant fuzzy soft set over A which satisfies the
condition (5.1.2)), then it satisfies the property (5.1.1)).

Proof. Tt is straightforward form Theorems [5.1.5| and [5.1.3] O

Theorem 5.1.7 If (ﬁ,Y) s a hesitant fuzzy soft UP-subalgebra of A and N is a
nonempty subset of Y, then (ﬁ|N, N) is a hesitant fuzzy soft UP-subalgebra of A.

Proof. Assume that (ﬁ, Y) is a hesitant fuzzy soft UP-subalgebra of A and () #
N CY. Then (ﬁ, Y) is a p-hesitant fuzzy soft UP-subalgebra of A for all p € Y.
Since N C Y, we have (H|y, N) is a p-hesitant fuzzy soft UP-subalgebra of A for
all p € N. Therefore, (H|y, N) is a hesitant fuzzy soft UP-subalgebra of A. O

The following example shows that there exists a nonempty subset N of
Y such that (H|y, N) is a hesitant fuzzy soft UP-subalgebra of A, but (H,Y) is

not a hesitant fuzzy soft UP-subalgebra of A.
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Example 5.1.8 Let A = {0, 1,2,3} be a set with a binary operation - defined by

the following Cayley table:

—_
o o o o o | ©

A GV R N

o e oF
= ©

S O W O w O w | w
S = e s s

Then (A, -,0) is a UP-algebra. Let Y = {p1, p2, p3, P4, p5} be a parameter set. We

define a hesitant fuzzy soft set (H,Y) over A as the following table:

H 0 1 2 3 4
P {0.5,0.6,0.7}  {0.5} {0.6} {0.6} 0

s (0.4,0.6]  (0.4,0.6) (0.5,0.6) (0.5,0.55) {0.5}
s {0.1,0.2,0.3} {0.1,0.2} {0.1,0.2}  {0.2} {0.2}
P 0.7,1) 07,1 {07} {05,0.7} [0.5,0.7)
Ps 0.9} 0.9y {09} 09 {09}

Then ﬁ[p4] is not a hesitant fuzzy UP-subalgebra of A. Indeed,

b, (1 1) = by, (0) = [0.7,1) 2 [0.7,1]

=[0.7,1]n[0.7,1]

= hﬁ[pd(l) N hﬁ[M}(l)'

Therefore, (H,Y) is not a hesitant fuzzy soft UP-subalgebra of A. But if we
choose N = {p1, p2, 3, D5}, then (ﬁ|N, N) is a hesitant fuzzy soft UP-subalgebra
of A.
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Definition 5.1.9 Let Y be a nonempty subset of P. A hesitant fuzzy soft set
(ﬁ, Y) over A is called a hesitant fuzzy soft UP-filter based on p € Y (we shortly

call a p-hesitant fuzzy soft UP-filter) of A if the hesitant fuzzy set

Hp] = {(a, by (a)) | a € A}

on A is a hesitant fuzzy UP-filter of A. If (H,Y) is a p-hesitant fuzzy soft UP-
filter of A for all p € Y, we state that (ﬁ, Y) is a hesitant fuzzy soft UP-filter of
A.

From [25], we know that every hesitant fuzzy UP-filter of A is a hesitant

fuzzy UP-subalgebra. Then we have the following Theorem:

Theorem 5.1.10 Every p-hesitant fuzzy soft UP-filter of A is a p-hesitant fuzzy
soft UP-subalgebra.

The following example shows that the converse of Theorem |5.1.10]is not

true in general.

Example 5.1.11 From a UP-algebra A = {0,1,2,3} of Example 4.2.2] Let
Y = {p1, p2, 3, P4} be a parameter set. We define a hesitant fuzzy soft set (ﬁ, Y)

over A by the following table:

H 0 1 2 3

P {0.5,0.6}  {0.5} {0.6} 0

Do [0.4,0.6] (0.4,0.6) [0.4,0.6] [0.4,0.6]
3 (0.2,0.7) [0.3,0.5] {0.4,05} {0.5}

P {08} {08} {08} {08}

Then (ﬁ, Y') is a hesitant fuzzy soft UP-subalgebra of A, but not a hesitant fuzzy
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soft UP-filter of A based on parameter p;. Indeed,

by, (1) = {05} 2 {0.6}
= {0.5,0.6} N {0.6}
= hg;,,(0) Nhy, ,(2)

Theorem 5.1.12 A hesitant fuzzy soft set (ﬁ, Y) over A is a hesitant fuzzy soft
UP-filter of A if and only if it satisfies the condition (5.1.2)).

Proof. Assume that (H,Y) is a hesitant fuzzy soft UP-filter of A. Let p € Y and
let z,y,2 € A be such that z < z-y. Then ﬁ[p] is a hesitant fuzzy UP-filter of
A. By Proposition we have hy(2) € hy (2 - y). Therefore,

D () 2 b (@ ) Mhig, () 2 hygp(2) Mhgyg, (@)

Conversely, assume that (H,Y) satisfies the condition (5.1.2). Let p € Y
and let x € A. By Corollary we have hg, ) (0) 2 hy,(2). Let z,y € A. By
Proposition 3.1.7[(1)} we have (z-y)-(z-y) =0 and thus -y < z-y. It follows

from ([5.1.2)) that
b, () 2 by (@ - y) Ny, (2).

Therefore, ﬁ[p] is a hesitant fuzzy UP-filer of A. Hence, (ﬁ, Y) is a p-hesitant
fuzzy soft UP-filter of A. Since p is arbitrary, we know that (ﬁ, Y') is a hesitant
fuzzy soft UP-filter of A. O

Theorem 5.1.13 Let (ﬁ,Y) be a hesitant fuzzy soft set over A which satisfies
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the condition:
(Vp € YVw, z,y,2 € A)(x S w-(y-2) = hgy,(z-2) 2 hgy, (w)Nhg, (y)). (5.1.3)
Then it is a hesitant fuzzy soft UP-filter of A.

Proof. Assume that (ﬁ, Y') is a hesitant fuzzy soft set over A which satisfies the
condition (5.1.3). Let p € Y and let x,y € A. By Proposition 3.1.7 , we have

0-((z-y)-(z-y))=0-0=0and thus 0 < (z-y) - (z-y). It follows form ([5.1.3))
that

hig (4) = hi, (0 y) 2 hyg (@ - y) N hyy, (@)

Therefore, (H,Y) is a hesitant fuzzy soft UP-filter of A. O

Corollary 5.1.14 If (I:i, Y) is a hesitant fuzzy soft set over A which satisfies the
condition (5.1.3)), then it satisfies the condition (5.1.2)).

Proof. Tt is straightforward form Theorems [5.1.13] and [5.1.12] O

Theorem 5.1.15 Let (ﬁ,Y) be a hesitant fuzzy soft set over A which satisfies

the condition:
(Vp € YVw,z,y,2 € A)(w < 2-(y-2) = hyy, (z-2) 2 hgy, (w)Nhy,(y). (5.1.4)
Then it is a hesitant fuzzy soft UP-filter of A.

Proof. Assume that (ﬁ, Y') is a hesitant fuzzy soft set over A which satisfies the
condition (5.1.4). Let p € Y and let 2,y € A. By Proposition 3.1.7 and
(UP-2), we have (z-y)-(0-(x-y)) =(x-y)-(x-y) =0and thus -y < 0-(z-y).
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It follows form ([5.1.4)) that
D, (y) = hg, (0 y) 2 hyy, (2 - y) Nhy, (2).

Therefore, (H,Y) is a hesitant fuzzy soft UP-filter of A. O

Corollary 5.1.16 If (ﬁ, Y) is a hesitant fuzzy soft set over A which satisfies the
condition (5.1.4)), then it satisfies the condition (5.1.2)).

Proof. Tt is straightforward form Theorems [5.1.15 and [5.1.12] ]

Definition 5.1.17 Let Y be a nonempty subset of P. A hesitant fuzzy soft set
(ﬁ, Y') over A is called a hesitant fuzzy soft UP-ideal based on p € Y (we shortly

call a p-hesitant fuzzy soft UP-ideal) of A if the hesitant fuzzy set

Hp] == {(a, h, (@) | a € A}

on A is a hesitant fuzzy UP-ideal of A. If (H,Y) is a p-hesitant fuzzy soft UP-
ideal of A for all p € Y, we state that (ﬁ, Y) is a hesitant fuzzy soft UP-ideal of
A.

From [25], we know that every hesitant fuzzy UP-ideal of A is a hesitant
fuzzy UP-filter. Then we have the following Theorem:
Theorem 5.1.18 FEvery p-hesitant fuzzy soft UP-ideal of A is a p-hesitant fuzzy
soft UP-filter.

The following example shows that the converse of Theorem |5.1.18|is not
true in general.

Example 5.1.19 Let A = {0,1,2,3} be a set with a binary operation - defined
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by the following Cayley table:

J—
o O o o | O
o

o W
o O W W | Ww

Then (A,-,0) is a UP-algebra. Let Y = {p1, ps, p3, p4} be a parameter set. We

define a hesitant fuzzy soft set (H,Y) over A by the following table:

H 0 1 2 3
P 0.2,05] {05} 0 {0.3,0.4}
Pa 04,06 (04,06) {05} {05}
Ps 0.5,0.7] {0.5,0.6} {0.5,0.6} [0.5,0.6)
s {0.1,0.6} {0.1,0.6} {0.1,0.6} {0.1,0.6}

Then (H,Y) is a hesitant fuzzy soft UP-filter of A, but not a hesitant fuzzy soft

UP-ideal of A based on parameter p;. Indeed,

hﬁ[pl](?’ "2) = hﬁ[pl}(z) =0 2 {0.5}
— [0.2,0.5] N {0.5}
- hﬁ[m](o) n hﬁ[m](l)

= by, (3 (1-2)) Nhyy, (1),

Hip1]

Theorem 5.1.20 If (ﬁ, Y) is a hesitant fuzzy soft UP-ideal of A, then it satisfies
the condition (5.1.3)).

Proof. Assume that (ﬁ, Y') is a hesitant fuzzy soft UP-ideal of A. Let p € Y and
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let w, z,y, 2z € Abesuch that r < w-(y-z). Then ﬁ[p] is a hesitant fuzzy UP-ideal
of Aand - (w-(y-2)) = 0. Thus hg, (2 (y-2)) 2 hgy,(z- (w-(y-2))) Nhy, (w) =
h,(0) Nhig, (w) = hy, (w). Therefore, hy ) (z-2) 2 hg,(z- (y-2)) Nhyy, (y) 2

e (w)N hig, (y)-

U

Example 5.1.21 From a UP-algebra A = {0,1,2,3} of Example [5.1.19, Let
Y = {p1,p2,p3, 4} be a parameter set. We define a hesitant fuzzy soft set (ﬁ, Y)

over A by the following table:

H 0 1 2 3
P [0.2,0.5] {0.5} 0 {0.3,0.4}
P 0.4,0.6]  (0.4,06) {0.5}  {0.5}
s 0.5,0.7]  [0.5,07) 0 {0.7}
Pa {0.7,0.8,0.9} {0.7,0.8} {0.8}  {0.8}

Then (H,Y) is a hesitant fuzzy soft UP-filter of A, but does not satisfy the

condition ([5.1.3)).

Theorem 5.1.22 A hesitant fuzzy soft set (ﬁ, Y') over A is a hesitant fuzzy soft
UP-ideal of A if and only if it satisfies the condition (5.1.4).

Proof. Assume that (H,Y) is a hesitant fuzzy soft UP-ideal of A. Let p € Y and
w,z,y,z € A be such that w < « - (y - z). Then H[p] is a hesitant fuzzy UP-ideal
of A. By Proposition {4.1.7, we have hy,(w) € hg,(z - (y - z)). Therefore,

b (- 2) 2 hygp (- (Y- 2)) Mgy (y) 2 b, (w) N b, (v)-

Conversely, assume that (H,Y) satisfies the condition (5.1.4). Let p € Y
and let z € A. By Corollaries |5.1.16| and [5.1.6, we have hg,(0) 2 hg(z). Let

z,y,z € A. By Proposition 3.1.7 [[1)] we have (z-(y-2))- (z-(y-z)) =0 and
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thus z- (y-2z) < x-(y-2). It follows form (5.1.4)) that
hig, (@ - 2) 2 hp, (@ - (y - 2)) Nhy,(y).

Therefore, ﬁ[p] is a hesitant fuzzy UP-ideal of A. Hence, (ﬁ, Y') is a p-hesitant
fuzzy soft UP-ideal of A. Since p is arbitrary, we know that (ﬁ, Y') is a hesitant
fuzzy soft UP-ideal of A. m

Theorem 5.1.23 Let (ﬁ,Y) be a hesitant fuzzy soft set over A which satisfies

the condition:
(Vp e YVw,z,y,z € A)(w<(z-y) (2 -7) = hﬁ[p](x) 2 hﬁ[p](w) N hﬁ[p](y)). (5.1.5)
Then it is a hesitant fuzzy soft UP-ideal of A.

Proof. Assume that (ﬁ, Y) is a hesitant fuzzy soft set over A which satisfies the
condition (5.1.5). Let p € Y and let z,y,z € A. By Proposition 3.1.7 and

(UP-3), we have (z-(y-2))-(((z-2)-y)-((z-2)-(2-2))) = (z-(y-2))-(((z-2)-y)-0) =
(x-(y-2))-0=0and thusz- (y-2) < ((z-2)-y)-((x-2)-(x-z)). It follows

form ([5.1.5)) that
hﬁ[p](ﬂf $z) 2 hﬁ[p](ﬂf (y-2))N hﬁ[p} (y)-

Therefore, (ﬁ, Y') is a hesitant fuzzy soft UP-ideal of A. ]

Corollary 5.1.24 If (ﬁ, Y) is a hesitant fuzzy soft set over A which satisfies the
condition (5.1.5)), then it satisfies the conditions (5.1.3)) and (5.1.4).

Proof. Tt is straightforward form Theorems [5.1.23] [5.1.20] and [5.1.22] n

Definition 5.1.25 Let Y be a nonempty subset of P. A hesitant fuzzy soft set

(ﬁ, Y) over A is called a hesitant fuzzy soft strongly UP-ideal based on p € Y (we
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shortly call a p-hesitant fuzzy soft strongly UP-ideal) of A if the hesitant fuzzy

set

Hp] == {(a, hp, (@) | a € A}

on A is a hesitant fuzzy strongly UP-ideal of A. If (ﬁ, Y) is a p-hesitant fuzzy
soft strongly UP-ideal of A for all p € Y, we state that (ﬁ, Y) is a hesitant fuzzy
soft strongly UP-ideal of A.

From [25], we know that every hesitant fuzzy strongly UP-ideal of A is

a hesitant fuzzy UP-ideal. Then we have the following Theorem:

Theorem 5.1.26 Every p-hesitant fuzzy soft strongly UP-ideal of A is a p-
hesitant fuzzy soft UP-ideal.

The following example shows that the converse of Theorem [5.1.26is not

true in general.

Example 5.1.27 Let A = {0,1,2,3} be a set with a binary operation - defined

by the following Cayley table:

—_

o o o o | O
= WO

N O O

o O O W | w

Then (A,-,0) is a UP-algebra. Let Y = {p1, ps, p3, p4} be a parameter set. We
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define a hesitant fuzzy soft set (ﬁ, Y') over A by the following table:

H 0 1 2 3

n (0.2,0.5] {04} (0.2,0.4) (0.2,0.4)
P2 0.9,1] {1} {1} {1}
D3 0,0.2] (0,0.2] [0,0.2] [0,0.2]
yz (07 1) (07 1) (07 1) (07 1)

Then (ﬁ, Y) is a hesitant fuzzy soft UP-ideal of A, but not a hesitant fuzzy soft

strongly UP-ideal of A based on parameter p,. Indeed,

iy (3) = {1} 2 (09,1

= [0.9, 1] N [0.9, 1]
- hﬁ[P2]<O) N hﬁ[P2]<0)

= hyjp, (1-0) - (1-3)) Nhg,, (0).

By Theorems [5.1.10} [5.1.18} and [5.1.26| and Examples|5.1.11}, [5.1.19 and
5.1.27, we have that the notion of p-hesitant fuzzy soft UP-subalgebras is a gen-

eralization of p-hesitant fuzzy soft UP-filters, the notion of p-hesitant fuzzy soft
UP-filters is a generalization of p-hesitant fuzzy soft UP-ideals, and the notion of

p-hesitant fuzzy soft UP-ideals is a generalization of p-hesitant fuzzy soft strongly

UP-ideals.

Theorem 5.1.28 A hesitant fuzzy soft set (ﬁ, Y) over A is a hesitant fuzzy soft
strongly UP-ideal of A if and only if it satisfies the condition (5.1.5).

Proof. Assume that (ﬁ,Y) is a hesitant fuzzy soft strongly UP-ideal of A. Let
p €Y and let w,z,y,z € A be such that w < (z-y) - (z-z). Then H[p] is a
hesitant fuzzy strongly UP-ideal of A. By Proposition |4.1.7, we have hﬁ[p}(w) -
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hg,((z - y) - (2 - ). Therefore,

D) () 2 Dy ((2 - ) - (2 - 2)) My, (y) 2 by, (w) M hgg (y).

Conversely, assume that (H Y) satisfies the condition (5.1.5) - Let p €

and let « € A. By Corollaries|5.1.24}5.1.16|and [5.1.6, we have hg,(0) 2

Y
by, (2).
Let z,y,z € A. Since ((z-y)-(z-x))-((z-y)-(z-x)) =0, we have (z-y)-(z-2) <

(z-y) - (z-x). It follows from (5.1.5)) that

hﬁ[p}( ) 2 hy [p}(( y)- (2 ))mh~[p}( Y)-

Therefore, ﬁ[p] is a hesitant fuzzy strongly UP-ideal of A. Hence, (ﬁ,Y) is a
p-hesitant fuzzy soft strongly UP-ideal of A. Since p is arbitrary, we know that
(ﬁ, Y') is a hesitant fuzzy soft strongly UP-ideal of A. [

Theorem 5.1.29 Let (ﬁ,Y) is a hesitant fuzzy soft set over A such that () #
N CY. Then the following statements are hold:

(1) if (ﬁ, Y') is a hesitant fuzzy soft strongly UP-ideal (resp., hesitant fuzzy soft
UP-ideal, hesitant fuzzy soft UP-filter) of A, then (ﬁ|N,N) is a hesitant
fuzzy soft strongly UP-ideal (resp., hesitant fuzzy soft UP-ideal, hesitant
fuzzy soft UP-filter) of A, and

(2) there exists (H|y, N) is a hesitant fuzzy soft strongly UP-ideal (resp., hesi-
tant fuzzy soft UP-ideal, hesitant fuzzy soft UP-filter) of A, but (ﬁ, Y) is not
a hesitant fuzzy soft strongly UP-ideal (resp., hesitant fuzzy soft UP-ideal,
hesitant fuzzy soft UP-filter) of A.

Proof. (1) Assume that (H,Y) is a hesitant fuzzy soft strongly UP-ideal (resp.,

hesitant fuzzy soft UP-ideal, hesitant fuzzy soft UP-filter) of A. In the same way
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as Theorem [5.1.7, we can show that (H|y, N) is a hesitant fuzzy soft strongly

UP-ideal (resp., hesitant fuzzy soft UP-ideal, hesitant fuzzy soft UP-filter) of A.

(2) By Example [5.1.27| (resp., Example [5.1.19] Example [5.1.11]), if we
choose N = {ps} (vesp., {ps,ps}, {ps,p4}) , then (ﬁ|N,N) is a hesitant fuzzy

soft strongly UP-ideal (resp., hesitant fuzzy soft UP-ideal, hesitant fuzzy soft
UP-filter) of A, but (H,Y) is not a hesitant fuzzy soft strongly UP-ideal (resp.,
hesitant fuzzy soft UP-ideal, hesitant fuzzy soft UP-filter) of A. [

Definition 5.1.30 Let Y be a nonempty subset of P. A hesitant fuzzy soft set
(H,Y) over A is called a constant hesitant fuzzy soft set based on p € Y (we

shortly call a p-constant hesitant fuzzy soft set) over A if the hesitant fuzzy set

Hpl := {(a, by, (@) | a € A}

on A is a constant hesitant fuzzy set on A. If (ﬁ, Y') is a p-constant hesitant fuzzy
soft set over A for all p € Y, we state that (ﬁ, Y') is a constant hesitant fuzzy soft

set over A.

Theorem 5.1.31 A hesitant fuzzy soft set (ﬁ, Y') over A is a hesitant fuzzy soft

strongly UP-ideal of A if and only if is a constant hesitant fuzzy soft set over A.

Proof. Assume that (ﬁ, Y) is a hesitant fuzzy soft strongly UP-ideal of A and let
p €Y. Then ﬁ[p] is a hesitant fuzzy strongly UP-ideal of A. By Theorem m,
we obtain ﬁ[p] is a constant hesitant fuzzy set on A. Thus (ﬁ, Y') is a p-constant
hesitant fuzzy soft set over A. Since p is arbitrary, we know that (ﬁ,Y) is a

constant hesitant fuzzy soft set over A.

Conversely, let p € Y. Assume that (ﬁ, Y') is a constant hesitant fuzzy
soft set over A. Then ﬁ[p] is a constant hesitant fuzzy set on A. By Theorem
4.1.5 we have H[p] is a hesitant fuzzy strongly UP-ideal of A. Since p is arbitrary,

we state that (ﬁ, Y') is a hesitant fuzzy soft strongly UP-ideal of A. O
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From the results of this subsection, we have Figure 2 that is the diagram

of hesitant fuzzy soft sets over UP-algebras.

(5.1.1)

ki

Hesitant Fuzzy Soft UP-Subalgebra

£

Hesitant Fuzzy Soft UP-Filter +— (5.1.2)

ki

(5.1.3)

T

Hesitant Fuzzy Soft UP-Ideal «<— (5.1.4)

14

Hesitant Fuzzy Soft Strongly UP-Ideal <— (5.1.5)

!

Constant Hesitant Fuzzy Soft Set

Figure 2: Hesitant fuzzy soft sets over UP-algebras

9.2 Anti-type of hesitant fuzzy soft sets

In this subsection, we introduce the notions of anti-hesitant fuzzy soft
UP-subalgebras, anti-hesitant fuzzy soft UP-filters, anti-hesitant fuzzy soft UP-
ideals and anti-hesitant fuzzy soft strongly UP-ideals of UP-algebras, provide the

necessary examples and prove its generalizations.

Definition 5.2.1 Let Y be a nonempty subset of P. A hesitant fuzzy soft set
(ﬁ, Y) over A is called an anti-hesitant fuzzy soft UP-subalgebra based on p € Y
(we shortly call a p-anti-hesitant fuzzy soft UP-subalgebra) of A if the hesitant

fuzzy set

Hlp] := {(a, by, (a)) | a € A}

on A is an anti-hesitant fuzzy UP-subalgebra of A. If (H,Y) is a p-anti-hesitant
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fuzzy soft UP-subalgebra of A for all p € Y, we state that (ﬁ,Y) is an anti-

hesitant fuzzy soft UP-subalgebra of A.

Theorem 5.2.2 If (ﬁ, Y') is an anti-hesitant fuzzy soft UP-subalgebra of A, then

it satisfies the property:
(¥p € YVa € A)(hg,(0) C hyy (). (5.2.1)

Proof. Assume that (ﬁ,Y) is an anti-hesitant fuzzy soft UP-subalgebra of A.
Let p € Y and 2 € A. Then H[p] is an anti-hesitant fuzzy UP-subalgebra of A.
Therefore, hp, (0) = hyy; (7 - ) € hyy, (2) Uhg, (2) = by, (2). O

Example 5.2.3 From the power UP-algebra of type 1 (Py({a,b}),,0) of Exam-
ple and let Y = {p1,ps, p3, ps} be a parameter set. We define a hesitant
fuzzy soft set (H,Y) over Py({a,b}) by the following table:

H 0 {a} {o} {a, 0}

2 0 {0.1} {02} {0.1,0.2}
P2 (0.6,0.7) (0.6,0.7) [0.6,0.7] [0.6,0.7)
Ps {05} {0.4,05} [0.4,0.5] (0.2,0.7)
P {0.9}  [0.8,0.9] {0.8,0.9} {0.8,0.9}

Then (H,Y) satisfies the property (5.2.1), but not an anti-hesitant fuzzy soft

UP-subalgebra of Py({a,b}) based on parameter py. Indeed,

by, ({0} - {a,0}) = by, ({a}) = 0.8,0.9) ¢ {0.8,0.9}

—{0.8,0.9} U {0.8,0.9}

= hﬁ[m]({b}) U hﬁ[pd({a? b})

Theorem 5.2.4 Let (ﬁ, Y') be a hesitant fuzzy soft set over A which satisfies the
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condition:
(Vp € YVx,y,2 € A)(2 < x-y = hgy,(y) C hgy,(2) Uhg,(2). (5.2.2)
Then it is an anti-hesitant fuzzy soft UP-subalgebra of A.

Proof. Let p € Y and z,y € A. By Proposition 3.1.7 and (UP-3), we have
z-(y-(x-y)) =2-0=0and thus x < y- (z-y). It follows from (5.2.2)) that

b (@ - y) S by, (@) U by, (v).

Therefore, H[p] is an anti-hesitant fuzzy UP-subalgebra of A. Hence, (H,Y) is a
p-anti-hesitant fuzzy soft UP-subalgebra of A. Since p is arbitrary, we know that

(ﬁ, Y') is an anti-hesitant fuzzy soft UP-subalgebra of A. H

Corollary 5.2.5 If (ﬁ,Y) is a hesitant fuzzy soft set over A which satisfies the
condition (5.2.2)), then it satisfies the property (5.2.1)).

Proof. 1t is straightforward from Theorems [5.2.4] and [5.2.2] n

Theorem 5.2.6 If (ﬁ, Y) is an anti-hesitant fuzzy soft UP-subalgebra of A and
N is a nonempty subset of Y, then (ﬁ]N,N) is an anti-hesitant fuzzy soft UP-
subalgebra of A.

Proof. Assume that (ﬁ, Y') is an anti-hesitant fuzzy soft UP-subalgebra of A and
f # N CY. Since N C Y, we have (H|y, N) is a p-anti-hesitant fuzzy soft
UP-subalgebra of A for all p € N. Therefore, (ﬁ| ~, V) is an anti-hesitant fuzzy
soft UP-subalgebra of A. n

By Example [5.2.3, we have (H,Y) is not an anti-hesitant fuzzy soft UP-
subalgebra of A. But if we choose N = {p1,ps,p3}, then (I:I\N,N) is an anti-

hesitant fuzzy soft UP-subalgebra of A. We can conclude that there exists a
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nonempty subset N of Y such that (H|y, N) is an anti-hesitant fuzzy soft UP-
subalgebra of A, but (ﬁ, Y') is not an anti-hesitant fuzzy soft UP-subalgebra of
A.

Definition 5.2.7 Let Y be a nonempty subset of P. A hesitant fuzzy soft set
(ﬁ,Y) over A is called a anti-hesitant fuzzy soft UP-filter based on p € Y (we

shortly call a anti-p-hesitant fuzzy soft UP-filter) of A if the hesitant fuzzy set

H[p] := {(a. hyyy(a)) | a € A}

on A is an anti-hesitant fuzzy UP-filter of A. If (ﬁ, Y) is a p-anti-hesitant fuzzy
soft UP-filter of A for all p € Y, we state that (ﬁ,Y) is an anti-hesitant fuzzy
soft UP-filter of A.

By Theorem [4.2.12] we know that every anti-hesitant fuzzy UP-filter of

A is an anti-hesitant fuzzy UP-subalgebra. Then we have the following Theorem:

Theorem 5.2.8 FEvery p-anti-hesitant fuzzy soft UP-filter of A is a p-anti-hesitant

fuzzy soft UP-subalgebra.

The following example shows that the converse of Theorem [5.2.8is not

true in general.

Example 5.2.9 From the power UP-algebra of type 1 (Py({a,b}),,0) of Exam-
ple and let Y = {p1,p2, ps3, ps} be a parameter set. We define a hesitant
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fuzzy soft set (H,Y) over Py({a,b}) by the following table:

H 0 {a} {b} {a, b}
p1 0 {0} {0.1} {0,0.1}
D2 {0.2} {02} {0.2,0.3} {0.2,0.3}
D3 {0.4} {0.4,0.5} [0.4,0.5] [0.4,0.6)
P4 {0.8} [0.7,0.9] [0.7,0.9]  {0.8}

Then (ﬁ, Y') is an anti-hesitant fuzzy soft UP-subalgebra of A, but not an anti-

hesitant fuzzy soft UP-filter of Py({a,b}) based on parameters ps and p,. Indeed,

by, ({a. b}) = [0.4,0.6) & [0.4,0.5]
=[0.4,0.5] U {0.4,0.5}
= hy,, ({0}) Uy, ({a})
= hg,, ({a} - {a,0}) Uy, ({a}),
by, ({0}) =[0.7,0.9] £ {0.8}
= {0.8} U{0.8}
= hyy,, (0) Uhg,, ({a,0})

= hp,, ({a, 0} - {b}) Uhg,, ({a, b}).

Theorem 5.2.10 A hesitant fuzzy soft set (ﬁ, Y') over A is an anti-hesitant fuzzy
soft UP-filter of A if and only if it satisfies the condition ([5.2.2]).

Proof. Assume that (ﬁ, Y') is an anti-hesitant fuzzy soft UP-filter of A. Let p € Y
and let x,y,z € A be such that z < x-y. Then ﬁ[p] is an anti-hesitant fuzzy
UP-filter of A. By Proposition [4.2.15, we have hg(2) 2 hg, (2 - y). Therefore,

D) (y) € Dy (2 - y) Uhgp, () € g, (2) Uhgg, (2).



67

Conversely, assume that (H,Y) satisfies the condition (5.2.2). Let p € Y
and let x € A. By Corollary [5.2.5, we have hﬁ[p](O) € hyy, (x). Let z,y € A. By
Proposition 3.1.7 we have (x-y) - (z-y) =0 and thus -y < z - y. It follows

from ([5.2.2)) that
Dy () S higg (@ - y) U gy, (2).

Therefore, ﬁ[p] is an anti-hesitant fuzzy UP-filer of A. Hence, (ﬁ, Y) is a p-anti-
hesitant fuzzy soft UP-filter of A. Since p is arbitrary, we know that (ﬁ, Y) is an

anti-hesitant fuzzy soft UP-filter of A. m
Theorem 5.2.11 Let (ﬁ,Y) be a hesitant fuzzy soft set over A which satisfies
the condition:

(Vp € YVw,2,y,2 € A)(z S w-(y-2) = hy,(z-2) C hgp,(w)Uhg,(y). (5.2.3)

Then it is an anti-hesitant fuzzy soft UP-filter of A.

Proof. Assume that (H,Y) is a hesitant fuzzy soft set over A which satisfies the
condition . Let p € Y and let x,y € A. By Proposition 3.1.7 and
(UP-2), we have 0- ((x - y) - (z-y)) =0-0=0and thus 0 < (z-y) - (z-y). It
follows from that

hﬁ[p] (y) = hﬁ[p](o ry) C hﬁ[p](x y) U hﬁ[p] ().

Therefore, (H,Y) is an anti-hesitant fuzzy soft UP-filter of A. O

Corollary 5.2.12 If (ﬁ, Y) is a hesitant fuzzy soft set over A which satisfies the
condition (5.2.3), then it satisfies the condition (5.2.2)).

Proof. 1t is straightforward from Theorems [5.2.11| and [5.2.10] O
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Example 5.2.13 From a UP-algebra A = {0,1,2,3} of Example [5.1.19, Let
Y = {p1, p2, 3, s} be a parameter set. We define a hesitant fuzzy soft set (ﬁ, Y)
over A by the following table:

H 0 1 2 3
P1 {04} {0.4,05} {04} {04}
P2 {0} {07 1} {O’ 1} {O}
D3 {0.9}  {0.9} [0.9,1] [0.9,1]
Y2 (07 1] [07 1] [07 1] [07 1]

Then (H,Y) is an anti-hesitant fuzzy soft UP-filter of A, But it does not satisfy
the condition (5.2.3) because 3 - (0 - (1-2)) = 0 implies

Dy (3 - 2) = iy (2)

—[0.9,1]
¢ {0.9}

Theorem 5.2.14 Let (ﬁ,Y) be a hesitant fuzzy soft set over A which satisfies

the condition:
(Vp € YVw,z,y,2 € A)(w < 2+ (y-2) = hg,(z-2) C hgy, (w)Uhg,(y). (5.2.4)
Then it is an anti-hesitant fuzzy soft UP-filter of A.

Proof. Assume that (H,Y) is a hesitant fuzzy soft set over A which satisfies the
condition (5.2.4). Let p € Y and let z,y € A. By Proposition 3.1.7 and
(UP-2), we have (z-y)-(0-(z-y)) =(x-y) - (z-y) =0and thus x -y < 0- (z-y).
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It follows from ([5.2.4)) that
hig, (y) = hg, (0 y) C hgy, (2 - y) Uy, (2).

Therefore, (H,Y) is an anti-hesitant fuzzy soft UP-filter of A. O

Corollary 5.2.15 If (ﬁ, Y) is a hesitant fuzzy soft set over A which satisfies the
condition (5.2.4)), then it satisfies the condition (5.2.2)).

Proof. Tt is straightforward from Theorems [5.2.14] and [5.2.10] ]

Definition 5.2.16 Let Y be a nonempty subset of P. A hesitant fuzzy soft set
(ﬁ,Y) over A is called a anti-hesitant fuzzy soft UP-ideal based on p € Y (we

shortly call a p-anti-hesitant fuzzy soft UP-ideal) of A if the hesitant fuzzy set

Hp] == {(a, h, (@) | a € A}

on A is an anti-hesitant fuzzy UP-ideal of A. If (H,Y) is a p-anti-hesitant fuzzy
soft UP-ideal of A for all p € Y, we state that (ﬁ,Y) is an anti-hesitant fuzzy
soft UP-ideal of A.

By Theorem [4.2.13] we know that every anti-hesitant fuzzy UP-ideal of

A is an anti-hesitant fuzzy UP-filter. Then we have the following Theorem:

Theorem 5.2.17 Fvery p-anti-hesitant fuzzy soft UP-ideal of A is a p-anti-
hesitant fuzzy soft UP-filter.

The following example shows that the converse of Theorem is not

true in general.

Example 5.2.18 From a UP-algebra A = {0,1,2,3,4} of Example 4.2.4] Let

Y = {p1,p2, 3, s} be a parameter set. We define a hesitant fuzzy soft set (ﬁ, Y)
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over A by the following table:

H 0 1 2 3 4
» {0.7} [0.7,0.8) (0.7,0.9] 0.6,1] 0.6, 1]
P2 0 {0.6} {0.6} {0.6,0.9} {0.6,0.9}
P3 {0.2} {0.2,0.3} {0.1,0.2,0.3} {0.1,0.2,0.3} {0.1,0.2,0.3}
D4 {0.3}  {0.3} [0.2,0.4] {0.2,0.3} {0.2,0.3}

Then (H,Y) is an anti-hesitant fuzzy soft UP-filter of A, but not an anti-hesitant

fuzzy soft UP-ideal of A based on parameters p;. Indeed,

hﬁ[pﬂ(ii 4) = hﬁ[pl](?’) =[0.7,0.9] SZ [0.7,0.8)
= {0.7} U [0.7,0.8)
= hﬁ[pﬂ(0> U hﬁLpl]<2)

= hygp,,(3 - (2-4)) Uhgy, 4(2).

Theorem 5.2.19 If (ﬁ,Y) is an anti-hesitant fuzzy soft UP-ideal of A, then it

satisfies the condition (5.2.3)).

Proof. Assume that (ﬁ,Y) is an anti-hesitant fuzzy soft UP-ideal of A. Let
p € Y and let w,z,y,2 € A be such that + < w - (y - 2z). Then ﬁ[p] is an
anti-hesitant fuzzy UP-ideal of A and 2 - (w - (y - 2)) = 0. Thus hg,(z - (y -
2)) € hyg (@ - (w- (y - 2))) Uy, (w) = hg, (0) U by, (w) = hy, (w). Therefore,

hﬁ[p] (z-z) C hﬁ[p] (z-(y-2)U hﬁ[p] (y) C hﬁ[p] (w) U hﬁ[p} (y)- u

Theorem 5.2.20 A hesitant fuzzy soft set (ﬁ, Y') over A is an anti-hesitant fuzzy
soft UP-ideal of A if and only if it satisfies the condition (5.2.4)).

Proof. Assume that (H,Y) is an anti-hesitant fuzzy soft UP-ideal of A. Let
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peY and w,z,y, 2 € A be such that w < z- (y-z). Then H[p] is an anti-hesitant

fuzzy UP-ideal of A. By Proposition {4.2.15, we have hy \(w) 2 hg,(z - (y - 2)).

Therefore,

hig (@ - 2) Chyp(z - (Y- 2)) Uy, (y) S by, (w) Ubg, (y)-

Conversely, assume that (H,Y) satisfies the condition (5.2.4). Let p € Y

and let z € A. By Corollaries |5.2.15 and [5.2.5, we have hg,(0) € hy,(z). Let

z,y,z € A. By Proposition 3.1.7 [(1)| we have (z - (y-2))- (z-(y-z)) =0 and
thus z - (y - 2) < - (y- 2). It follows from (5.2.4) that

i, (@ - 2) € hgp,(z - (y-2)) Uhgy,(y).

Therefore, ﬁ[p] is an anti-hesitant fuzzy UP-ideal of A. Hence, (ﬁ, Y) is a p-anti-
hesitant fuzzy soft UP-ideal of A. Since p is arbitrary, we know that (ﬁ, Y) is an

anti-hesitant fuzzy soft UP-ideal of A. m
Theorem 5.2.21 Let (ﬁ,Y) be a hesitant fuzzy soft set over A which satisfies
the condition:

(Vp e YVw,z,y,z€ A)(w<(2-y) - (z-x) = b (x) C b (w)U D) (y)). (5.2.5)

Then it is an anti-hesitant fuzzy soft UP-ideal of A.

Proof. Assume that (H,Y) is a hesitant fuzzy soft set over A which satisfies the
condition (5.2.5). Let p € Y and let z,y,2z € A. By Proposition 3.1.7 and
(UP-3), we have (¢ (y-2))-(((2-2)9)- ((-2)- (2-2))) = (- (y-2))-(((-2))-0) =
(x-(y-2))-0=0and thusz- (y-2) < ((z-2)-y)-((x-2)-(x-z)). It follows
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from ([5.2.5)) that
hig, (@ - 2) € hyp, (@ - (y - 2)) Uhg,(y).

Therefore, (H,Y) is an anti-hesitant fuzzy soft UP-ideal of A. O

Corollary 5.2.22 [f (ﬁ, Y) is a hesitant fuzzy soft set over A which satisfies the
condition (5.2.5)), then it satisfies the conditions (5.2.3)) and (5.2.4).

Proof. Tt is straightforward from Theorems [5.2.21], [5.2.19 and [5.2.20] O

Definition 5.2.23 Let Y be a nonempty subset of P. A hesitant fuzzy soft set
(ﬁ, Y') over A is called a anti-hesitant fuzzy soft strongly UP-ideal based on p € Y
(we shortly call a p-anti-hesitant fuzzy soft strongly UP-ideal) of A if the hesitant

fuzzy set

filp] = {(a,hgy(0) | a € A}

on A is an anti-hesitant fuzzy strongly UP-ideal of A. If (ﬁ,Y) is a p-anti-
hesitant fuzzy soft strongly UP-ideal of A for all p € Y, we state that (ﬁ, Y)is

an anti-hesitant fuzzy soft strongly UP-ideal of A.

By Theorem [£.2.14] we know that every anti-hesitant fuzzy strongly UP-
ideal of A is an anti-hesitant fuzzy UP-ideal. Then we have the following Theo-

rem:

Theorem 5.2.24 Every p-anti-hesitant fuzzy soft strongly UP-ideal of A is a
p-anti-hesitant fuzzy soft UP-ideal.

The following example shows that the converse of Theorem [5.2.24]is not

true in general.

Example 5.2.25 From a UP-algebra A = {0,1,2,3} of Example [5.1.19, Let

Y = {p1,p2, 3, ps} be a parameter set. We define a hesitant fuzzy soft set (ﬁ, Y)
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over A by the following table:

H 0 1 2 3
P 0.3,0.8) [0.3,0.8) [0.3,0.8) [0.3,0.8]
P2 {1} {1} {1} {1}
s 0,02] [0,02] [0,0.2] [0,0.2]
P (0,0.1] [0,0.1] [0,0.1] [0,0.1]

Then (H,Y) is an anti-hesitant fuzzy soft UP-ideal of A, but not an anti-hesitant

fuzzy soft strongly UP-ideal of A based on parameter ps. Indeed,

hig,, (2) = [0,0.1] & (0,0.1]

— (0,01 U (0,0.1]
- hﬁ[m](o) U hﬁ[m](o)

: hﬁ[p4]((2 -0)-(2-2)U hﬁ[p4](0)-

By Theorems [5.2.8] and and Examples [5.2.9] [5.2.18 and
5.2.25 we have that the notion of p-anti-hesitant fuzzy soft UP-subalgebras is a

generalization of p-anti-hesitant fuzzy soft UP-filters, the notion of p-anti-hesitant
fuzzy soft UP-filters is a generalization of p-anti-hesitant fuzzy soft UP-ideals,
and the notion of p-anti-hesitant fuzzy soft UP-ideals is a generalization of p-

anti-hesitant fuzzy soft strongly UP-ideals.

Theorem 5.2.26 A hesitant fuzzy soft set (ﬁ, Y') over A is an anti-hesitant fuzzy
soft strongly UP-ideal of A if and only if it satisfies the condition (5.2.5)).

Proof. Assume that (ﬁ, Y') is an anti-hesitant fuzzy soft strongly UP-ideal of A.
Let p € Y and let w,z,y,z € A be such that w < (z-y) - (z - 2). Then Hp]

is an anti-hesitant fuzzy strongly UP-ideal of A. By Proposition [4.2.15 we have
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hﬁ[p]( w) 2 hH[p ((z-y) - (z-x)). Therefore,

D) () S hipy((2 - ) - (22 2)) Uhgy, (y) € gy, (w) Uhgg, (y).

Conversely, assume that (H Y) satisfies the condition (5.2.5) - Let p €

and let x € A. By Corollaries|5.2.22} 5.2.15 and [5.2.5| we have hg ,(0) C

Y
by, (2).
Let 2,9,z € A. Since ((z-y)-(z-x))-((z-y)-(z-x)) =0, we have (z-y)-(z-2) <

(z-y) - (z-x). It follows from ({5.2.5)) that

hﬁ[p}( z) € hy [p}(( y)- (= ))Uh~[p}( Y)-

Therefore, ﬁ[p] is an anti-hesitant fuzzy strongly UP-ideal of A. Hence, (ﬁ, Y) is
a p-anti-hesitant fuzzy soft strongly UP-ideal of A. Since p is arbitrary, we know
that (ﬁ, Y') is an anti-hesitant fuzzy soft strongly UP-ideal of A. [

Theorem 5.2.27 Let (ﬁ,Y) be a hesitant fuzzy soft set over A and N be a

nonempty subset of Y. Then the following statements are hold:

(1) of (ﬁ, Y') is an anti-hesitant fuzzy soft strongly UP-ideal (resp., anti-hesitant
fuzzy soft UP-ideal, anti-hesitant fuzzy soft UP-filter) of A, then (ﬁ\N,N)
is an anti-hesitant fuzzy soft strongly UP-ideal (resp., anti-hesitant fuzzy
soft UP-ideal, anti-hesitant fuzzy soft UP-filter) of A, and

(2) there exists (H|y, N) is an anti-hesitant fuzzy soft strongly UP-ideal (resp.,
anti-hesitant fuzzy soft UP-ideal, anti-hesitant fuzzy soft UP-filter) of A,
but (ﬁ, Y') is not an anti-hesitant fuzzy soft strongly UP-ideal (resp., anti-
hesitant fuzzy soft UP-ideal, anti-hesitant fuzzy soft UP-filter) of A.

Proof. (1) Assume that (H,Y) is an anti-hesitant fuzzy soft strongly UP-ideal

(resp., anti-hesitant fuzzy soft UP-ideal, anti-hesitant fuzzy soft UP-filter) of A.
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In the same way as Theorem [5.2.6, we can show that (H|y, N) is an anti-hesitant
fuzzy soft strongly UP-ideal (resp., anti-hesitant fuzzy soft UP-ideal, anti-hesitant
fuzzy soft UP-filter) of A.

(2) Example [5.2.25| (resp., Example [5.2.18] Example [5.2.9), if we choose
N = {pa,p3} (resp., {ps,ps}, {p1,p2}) , then (ﬁ]N,N) is an anti-hesitant fuzzy
soft strongly UP-ideal (resp., anti-hesitant fuzzy soft UP-ideal, anti-hesitant fuzzy
soft UP-filter) of A, but (ﬁ,Y) is not an anti-hesitant fuzzy soft strongly UP-
ideal (resp., anti-hesitant fuzzy soft UP-ideal, anti-hesitant fuzzy soft UP-filter)
of A. O

Theorem 5.2.28 A hesitant fuzzy soft set (ﬁ, Y) over A is an anti-hesitant fuzzy

soft strongly UP-ideal of A if and only if is a constant hesitant fuzzy soft set over
A.

Proof. Assume that (H,Y) is an anti-hesitant fuzzy soft strongly UP-ideal of A
and let p € Y. Then ﬁ[p] is an anti-hesitant fuzzy strongly UP-ideal of A. By
Theorem , we obtain H[p] is a constant hesitant fuzzy set on A. Thus (H,Y)
is a p-constant hesitant fuzzy soft set over A. Since p is arbitrary, we know that

(H,Y) is a constant hesitant fuzzy soft set over A.

Conversely, let p € Y. Assume that (ﬁ, Y') is a constant hesitant fuzzy
soft set over A. Then H[p] is a constant hesitant fuzzy set on A. By Theorem
, we have ﬁ[p] is an anti-hesitant fuzzy strongly UP-ideal of A. Since p is
arbitrary, we state that (ﬁ, Y') is an anti-hesitant fuzzy soft strongly UP-ideal of
A. O

Corollary 5.2.29 For UP-algebras, we can conclude that the notions of anti-
hesitant fuzzy soft strongly UP-ideals and hesitant fuzzy soft strongly UP-ideals

cotncide.
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Proof. 1t is straightforward by Theorems [5.1.31| and [5.2.28] O]

From the results of this subsection, we have Figure 3 that is the diagram

of anti-type of hesitant fuzzy soft sets over UP-algebras.

(5.2.1)

I

Anti-Hesitant Fuzzy Soft UP-Subalgebra

I

Anti-Hesitant Fuzzy Soft UP-Filter <— (5.2.2)

I

(5.2.3)

Anti-Hesitant Fuzzy Soft UP-Ideal +— (5.2.4)

¥

Anti-Hesitant Fuzzy Soft Strongly UP-Ideal +— (5.2.5)

Hesitant Fuzzy Soft Strongly UP-Ideal Constant Hesitant Fuzzy Soft Set

Figure 3: Anti-type of hesitant fuzzy soft sets over UP-algebras



CHAPTER VI

OPERATIONS

6.1 Operations on hesitant fuzzy sets

Torra [40] defined several operations on hesitant fuzzy sets in 2010. For

instance, the intersection operation Ny, the union operation Upr and so on.

Definition 6.1.1 Let H and F be hesitant fuzzy sets on a reference set X. Then

the following operations are defined:
(1) Hne F = {(z,{h € (hg(z)Uhp(z)) | h < min{sup hy(z),suphp(z)}}) | = €
X}, and
(2) HUr F = {(x,{h € (hg(z) Uhgp(x)) | h > max{inf hy(z),inf hg(z)}}) | z €

X}

We can write the intersection and the union of hesitant fuzzy sets with different

form by

HoeF={(z, |J  {min{m,%}})|zeX}

71 €hu(z),v2€hF ()

and

HUr F = {(z, U {max{y1,72}}) [z € X}.

71€hu(z),v2€hFr(z)

First, we will consider about results of the intersection and the union of

hesitant fuzzy sets on UP-algebras.

The following example show that the intersection of hesitant fuzzy UP-

subalgebras of A is not a hesitant fuzzy UP-subalgebra of A.
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Example 6.1.2 Let A = {0, 1,2,3} be a set with a binary operation - defined by

the following Cayley table:

01 2 3
0/0 1 2 3
110 0 2 2
2|01 01
310 0 0 O

Then (A,-,0) is a UP-algebra. We define two hesitant fuzzy sets H; and Hy on

A as follows:

( (
{0,0.5,1} ifz =0, (05,1} ifx=0,
0 ifr =1, 0.5 ifex=1,
hy, () = < 10y and hy, () = 105}
(0.5} if o = 2, (0,5} ifz=2,
R itz =3 (05,1} ifz=3.

Then H; and Hy are hesitant fuzzy UP-subalgebras of A. We thus obtain the

intersection of H; and Hs as follows:

(

0,051} ifz =0,
{0} ifx =1,
{0.5} if x =2,

H1 N HQ(Z’) =

{05,1}  ifz=3.

Therefore, H; Ny Hy is not a hesitant fuzzy UP-subalgebra of A because

hHlﬁTH2(2 ) 3) = hHlﬂTH2<1)
= {0}
2 {0.5}
= {0.5} N {0.5, 1}
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= hH1ﬂTH2 (2) N hHlﬂTH2 <3>

The following example show that the intersection of hesitant fuzzy UP-

filters of A is not a hesitant fuzzy UP-filter of A.

Example 6.1.3 From a UP-algebra A = {0, 1,2, 3} of Example|5.1.19, We define

two hesitant fuzzy sets H; and Hy on A as follows:

( 4
{0,1} ifz =0, {0,0.5} if 2 =0,
{1} ifz=1, {0,0.5} ifz =1,
hH1 (I) = and hH2 (m) =
0 if x =2, {0,5} ifz=2,
| {0} ifz=3 {05} ifz=3.

Then Hy and Hy are hesitant fuzzy UP-filters of A. We thus obtain the intersection

of H; and Hy as follows:

(0,05} ifz =0,
0,05} ifz=1,
{0.5} ifx=2,
0} ifz=3

\

Hl ﬂT Hg(l‘) =

Therefore, H; Ny Hy is not a hesitant fuzzy UP-filter of A because

h,npm, (3) = {0}
2 {0.5}
= {0,051 n{0.5}
= hggypm, (0) 0 h s, (2)

= hHlﬂTHz (2 : 3) N hHlﬂTH2<2)'
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The following example show that the intersection of hesitant fuzzy UP-
ideals of A is not a hesitant fuzzy UP-ideal of A.

Example 6.1.4 From a UP-algebra A = {0,1,2,3,4} of Example We

define two hesitant fuzzy sets H; and Hy on A as follows:

( (
{0,0.1} if =0, {0,0.1} if =0,
0,0.1} ifzx=1, 0.1 if x =1,
hHl («T) = { } and hH2 (I’) = { }
(01} ifz=2 {0,0,1} ifx =2,
\ {01} i TN | {01} if z =3.

Then Hy and Hy are hesitant fuzzy UP-ideals of A. We thus obtain the intersection

of H; and Hy as follows:

{0,0.1} ifz =0,

{0,0.1} ifz =1,
Hl ﬂT Hg(l‘) =
0,01} ifz =2,

{0.1} ifx=3.

Therefore, H; Ny Hy is not a hesitant fuzzy UP-ideal of A because

hity np1, (0 - 3) = by, (3)
= {0.1}
2 {0,0.1}
= {0,0.1}n{0,0.1}
= hu,npm,(2) N by, (2)

= hHlﬂTHz (0 : (1 : 3)) N hHlﬂTH2(1)'

Theorem 6.1.5 The intersection of hesitant fuzzy strongly UP-ideals of A is a
hesitant fuzzy strongly UP-ideals of A.
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Proof. Assume that H and G are hesitant fuzzy strongly UP-ideals of A. By
Theorem {4.1.5, we have H and G are constant hesitant fuzzy sets of A. Thus
HNr G is a constant hesitant fuzzy set of A. By Theorem [4.1.5] we can conclude

that H Ny G is a hesitant fuzzy strongly UP-ideal of A. O]
The following example show that the intersection of anti-hesitant fuzzy
UP-subalgebras of A is not an anti-hesitant fuzzy UP-subalgebra of A.

Example 6.1.6 From a UP-algebra A = {0, 1,2, 3} of Example [6.1.2] We define

two hesitant fuzzy sets H; and Hy on A as follows:

4 4
0.7y ifz=0, 0.7y  ifx=0,
0.7,0.8) ifa =1, {0.7,0.8} ifz=1,
hy, (z) = and hy, (z) =
0.7,0.9] if x =2, (0.7,0.8) ifx =2,
| 06,09] ifr=3 07 ifz=3
\

Then H; and H, are anti-hesitant fuzzy UP-subalgebras of A. We thus obtain

the intersection of H; and Hy as follows:

(
{07}y  ifx=0,
0.7,0.8) ifz =1,
0.7,0.9] ifx =2,

H1 ﬂT H2 (ZL’)

| [06,0.7) if =3,

Therefore, H; Ny Hy is not an anti-hesitant fuzzy UP-subalgebra of A because

hHlﬁTHz(l ’ 3) = hHlﬂTHz (2)
= [0.7,0.9]
¢ [0.6,0.8)

=10.7,0.8) U [0.6,0.7]
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= hH1ﬂTH2 (1) U hHlﬂTH2 <3>

The following example show that the intersection of anti-hesitant fuzzy

UP-filters of A is not an anti-hesitant fuzzy UP-filter of A.

Example 6.1.7 From a UP-algebra A = {0, 1,2, 3} of Example|5.1.19 We define

two hesitant fuzzy sets H; and Hy on A as follows:

( (
0 ifz=0, {0.2} if 7 = 0,
{1} ifz=1, 0,02}  ifz=1,
hy, (z) = and hy, () =
{0} ifr=2, 0.2,0.8,1} ifz =2,
| {0} ife=3 | 021} ifz=3

Then H; and H, are anti-hesitant fuzzy UP-filters of A. We thus obtain the

intersection of H; and Hy as follows:

{0.2} ifx=0,
0,02} ifz =1,
{0} if v =2,
[0}  ifzr=3

\

Hl ﬂT Hg(l‘) =

Therefore, H; Ny Hy is not an anti-hesitant fuzzy UP-filter of A because

hHlﬁTH2 (O) - {02} SZ {0} = hHlﬂTH2<2)'

The following example show that the intersection of anti-hesitant fuzzy

UP-ideals of A is not an anti-hesitant fuzzy UP-ideal of A.

Example 6.1.8 From a UP-algebra A = {0,1,2,3} of Example [6.1.2] We define
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two hesitant fuzzy sets H; and Hs on A as follows:

( /

{1} if =0, 0 if =0,
1 if ¢ =1, 05} ifz=1,
hy, (z) = {1} and hy, (z) = {0.5}
{0.8,1} ifz =2, 0 if =2
| 08,1} if2=3 (05} ifx=3.

Then H; and H, are anti-hesitant fuzzy UP-ideals of A. We thus obtain the

intersection of H; and H, as follows:

;

{1} if x =0,

{0.5} ifx=1,
H1 ﬂT HQ(J]) =
{0.8,1} ifz =2,

{0.5} ifx=3.
\

Therefore, H; Ny Hs is not an anti-hesitant fuzzy UP-ideal of A because

hH1ﬁTH2(O) 5 {1} fa— {05} = hHlﬁTH2(1)'

Theorem 6.1.9 The intersection of anti-hesitant fuzzy strongly UP-ideals of A

s an anti-hesitant fuzzy strongly UP-ideals of A.

Proof. Assume that H and G are anti-hesitant fuzzy strongly UP-ideals of A. By
Theorem {4.2.9] we have H and G are constant hesitant fuzzy sets of A. Thus
HNr G is a constant hesitant fuzzy set of A. By Theorem [4.2.9] we can conclude

that H Ny G is an anti-hesitant fuzzy strongly UP-ideal of A. n

The following example show that the union of hesitant fuzzy UP-subalge-

bras of A is not a hesitant fuzzy UP-subalgebra of A.

Example 6.1.10 From a UP-algebra A = {0, 1,2, 3} of Example[6.1.2] We define
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two hesitant fuzzy sets H; and Hs on A as follows:

( (

{0,0.5,1} ifz =0, {0,0.5} if z =0,
1 if o =1, 05}  ifr=1,
hy, (z) = ) and hy, (z) = {05}
{0.5} if 2 =2, (0,5} ifz=2,
{0} if v =3 {0,0.5} ifz = 3.
\ \

Then H; and H, are hesitant fuzzy UP-subalgebras of A. We thus obtain the

intersection of H; and H, as follows:

;

{0,0.5,1} ifz =0,

{1} if =1,
H1 UT Hg(l’) =
{0.5} if v =2,

0,05} ifz=3.

Therefore, H; Ur Hs is not a hesitant fuzzy UP-subalgebra of A because

hy, U1, (2 - 3) = hi,upm, (1)
= {1}
% {05)
— {0.5) N {0,0.5)

= hH1UTH2 (2) n hH1UTH2 (3)

The following example show that the union of hesitant fuzzy UP-filters

of A is not a hesitant fuzzy UP-filter of A.

Example 6.1.11 From a UP-algebra A = {0,1,2,3} of Example [5.1.19, We
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define two hesitant fuzzy sets H; and Hs on A as follows:

( (
0,1} ifz =0, {0.5,1} ifz =0,
0} ifz=1, 05,1} ifz =1,
hy, (z) = {0y and hy, () = { I
0 if 2 =2, (0,5} ifz=2
| (1} ife=3 {05} ifz=3.

Then Hy and Hy are hesitant fuzzy UP-filters of A. We thus obtain the intersection

of H; and H, as follows:

{0.5,1} if z =0,
{051} ifx=1,
H1 UT HQ(J]) =
{0.5} ifx=2,

{1} if x = 3.

Therefore, H; Ur Hy is not a hesitant fuzzy UP-filter of A because

Do (3) = {1}
2 {0.5}
={0.5,1} N {0.5}
= oz, (0) 0 o, (2)

T hHIUTH2 (2 ' 3) N hH1UTH2<2)'

The following example show that the union of hesitant fuzzy UP-ideals

of A is not a hesitant fuzzy UP-ideal of A.

Example 6.1.12 From a UP-algebra A = {0, 1,2, 3} of Example[6.1.2] We define
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two hesitant fuzzy sets H; and Hs on A as follows:

( (
09,1} ifz =0, (09,1} ifz =0,
09,1} ifz =1, 0.9} ifr=1,
hy, (z) = { } and hy, () = {0.9}
(0.9} ifz=2 {0,9,1} ifz =2,
| {09} ife=3 | {09} ifr=3

Then Hy and Hy are hesitant fuzzy UP-ideals of A. We thus obtain the intersection

of H; and H, as follows:

;

{0.9,1} ifz =0,

{09,1} ifz=1,
H1 ﬂT HQ(J]) =
{0.9,1} ifz =2,

{0.9} ifx=3.
\

Therefore, H; Ny Hy is not a hesitant fuzzy UP-ideal of A because

D01, (0 - 3) = hiy s (3)
{09}
3 {0.9,1}
—{0.9,1}n {0.9,1}
= by npn, (2) O hyen, (2)

— hH1ﬁTH2 (0 : (1 ’ 3)) M hHlﬂTHz(l)'

Theorem 6.1.13 The union of hesitant fuzzy strongly UP-ideals of A is a hesi-

tant fuzzy strongly UP-ideals of A.

Proof. Assume that H and G are hesitant fuzzy strongly UP-ideals of A. By
Theorem {.1.5[ we have H and G are constant hesitant fuzzy sets of A. Thus
HUr G is a constant hesitant fuzzy set of A. By Theorem [4.1.5] we can conclude
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that H Uy G is a hesitant fuzzy strongly UP-ideal of A. O

The following example show that the union of anti-hesitant fuzzy UP-

subalgebras of A is not an anti-hesitant fuzzy UP-subalgebra of A.

Example 6.1.14 From a UP-algebra A = {0, 1,2, 3} of Example[6.1.2] We define

two hesitant fuzzy sets H; and Hy on A as follows:

( (
(03} ifr=0, (0.3} ifz=0,
(02,03 ifz=1, 0.2,0.3} ifx=1,
hy, (z) = and hy, (z) =
0.1,03] ifz =2, 02,03} ifz =2,
| 01,04 ifz=3 (0.3} ifz=3
\

Then H; and H, are anti-hesitant fuzzy UP-subalgebras of A. We thus obtain

the intersection of H; and Hs as follows:

(
{0.3} if =0,

(0.2,0.3] ifz =1,
H1 UT HQ(.T) =

0.1,0.3] if z =2,

| [0:3,04] ifz=3.

Therefore, H; Ur Hy is not an anti-hesitant fuzzy UP-subalgebra of A because

hiyupn, (1-3) = hiyupns (2)
=1[0.1,0.3]
¢ (0.2,0.4]
— (0.2,0.3] U [0.3,0.4]

= hHlUTH2 (1) U hHluTHz <3>

The following example show that the union of anti-hesitant fuzzy UP-
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filters of A is not an anti-hesitant fuzzy UP-filter of A.

Example 6.1.15 From a UP-algebra A = {0,1,2,3} of Example [5.1.19, We

define two hesitant fuzzy sets H; and Hy on A as follows:

( (
0 ifzr=0, 0.8} if 2 =0,
0} ifx=1, 0.8,1 if =1,
hy, (z) = {0} and hy, (z) = { }
{1} it =2, {0,0.2,0.8} ifz =2,
| {1} ifz=3 | (0,08} ifz=3

Then H; and H, are anti-hesitant fuzzy UP-filters of A. We thus obtain the

intersection of H; and H, as follows:

[ [08} ifw=o0,
(08,1} ifzr=1,
1y ifar=2
\ {1} if x = 3.

H1 ﬂT HQ(I’) ==

Therefore, H; Uy Hs is not an anti-hesitant fuzzy UP-filter of A because

hHIUTHQ(O) = {08} ,¢— {1} - hH1UTH2<2)'

The following example show that the union of anti-hesitant fuzzy UP-

ideals of A is not an anti-hesitant fuzzy UP-ideal of A.

Example 6.1.16 From a UP-algebra A = {0, 1,2, 3} of Example[6.1.2] We define

two hesitant fuzzy sets H; and Hs on A as follows:

( (

0y  ifz=0, 0 ifax=0,
0 if x =1, 0.5} ifzx=1,
hy, (z) = {0y and hy, (z) = {05}
{0,0.2} if x =2, 0 if © =2,
| 0,02} ifz=3 (05} ifz=3.
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Then H; and H, are anti-hesitant fuzzy UP-ideals of A. We thus obtain the

intersection of H; and Hs as follows:

¢
{0} if =0,
{0.5} ifx=1,
Hl UT HQ(I’) =
{O, 0.2} if v =2,

{0.5} ifx=3.

Therefore, H; Ur Hy is not an anti-hesitant fuzzy UP-ideal of A because

hHluTH2 (O> X {1} SZ {05} T hHlUTH2<1>'

Theorem 6.1.17 The union of anti-hesitant fuzzy strongly UP-ideals of A is an

anti-hesitant fuzzy strongly UP-ideals of A.

Proof. Assume that H and G are anti-hesitant fuzzy strongly UP-ideals of A. By
Theorem {4.2.9, we have H and G are constant hesitant fuzzy sets of A. Thus
HUr G is a constant hesitant fuzzy set of A. By Theorem [4.2.9, we can conclude

that H Ur G is an anti-hesitant fuzzy strongly UP-ideal of A. m

We see that the intersection and the union can not be applied to several
types of hesitant fuzzy sets on UP-algebras except hesitant fuzzy strongly UP-
ideals and anti-hesitant fuzzy strongly UP-ideals. That make we will consider the

others.

The concepts of the hesitant union, and the hesitant intersection of two
hesitant fuzzy sets were introduced by Jun [I5] in 2015. We will introduce the
notions of the hesitant union and the hesitant intersection of any hesitant fuzzy

sets and apply to UP-algebras.

Definition 6.1.18 Let {H; | ¢ € I} be a family of hesitant fuzzy sets on a
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reference set X. We define the hesitant intersection operation N on {H; | i € I}
by

el i€l

which is called the hesitant intersection of hesitant fuzzy sets. In particular,

H, N Hy = {(z,hy, (x) Nhy, (x)) | z € X} for all i,k € I.

Theorem 6.1.19 The hesitant intersection of hesitant fuzzy UP-subalgebras of
A is a hesitant fuzzy UP-subalgebra of A.

Proof. Assume that {H; | i € I} is a family of hesitant fuzzy UP-subalgebras of
A. Let x,y € A. Then hy,(x - y) D hy,(z) Nhy,(y) for all ¢ € I. Thus

hﬂlez ﬂhH x-y)
el
2 ()(hu, (x) N hy, (1))
el
i€l i€l

_ hmlej ( ) m hﬂie[ Hz(y)

Hence, ﬂ H; is a hesitant fuzzy UP-subalgebra of A. O

iel
Theorem 6.1.20 The hesitant intersection of hesitant fuzzy UP-filters of A is a
hesitant fuzzy UP-filter of A.

Proof. Assume that {H; | i € I} is a family of hesitant fuzzy UP-filters of A. Let
xz,y € A. Then hy,(0) D hy,(z) and hy,(y) D hg,(x - y) N hy,(x) for all i € 1.
Thus hn_,1,(0) = ()b, (0) 2 () hu, (z) = h,_, 1, (z) and

i€l el

Nermi(®) = (v)

el
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> ((ba, (@ - y) Ny ()

el
= (b, (2 y) N[\ ha, ()
el el

Hence, ﬂ H; is a hesitant fuzzy UP-filter of A. O

iel
Theorem 6.1.21 The hesitant intersection of hesitant fuzzy UP-ideals of A is a
hesitant fuzzy UP-ideal of A.

Proof. Assume that {H; | i € I} is a family of hesitant fuzzy UP-ideals of A. Let
x,y € A. Then hy,(0) D hy,(«) and hy,(z - 2) D hy,(z - (y - 2)) N hy,(y) for all
i € 1. Thus hn_ 1,(0) = () hu,(0) 2 [ hu, () = b, u,(2) and

el el
hﬂ o, H ﬂ hy, (x - 2)
i€l
» ﬂ (hy, (z ) N hu, (v))
el
el el

Hence, ﬂ H; is a hesitant fuzzy UP-ideal of A. O

iel
Theorem 6.1.22 The hesitant intersection of hesitant fuzzy strongly UP-ideals
of A is a hesitant fuzzy strongly UP-ideal of A.

Proof. Assume that {H; | i € I} is a family of hesitant fuzzy strongly UP-ideals
of A. Then H; is a hesitant fuzzy strongly UP-ideal of A for all ¢ € I. By Theorem

4.1.5, we have H; is a constant hesitant fuzzy set on A for all ¢ € I. Thus ﬂ H;
i€l
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is a constant hesitant fuzzy set on A. By Theorem [4.1.5 we know that ﬂ H; is
i€l
a hesitant fuzzy strongly UP-ideal of A. O

The following example show that the hesitant intersection of anti-hesitant

fuzzy UP-subalgebras of A is not an anti-hesitant fuzzy UP-subalgebra of A.

Example 6.1.23 From a UP-algebra A = {0, 1,2, 3} of Example[6.1.2] We define

two hesitant fuzzy sets H; and Hs on A as follows:

4 4
{03} ifz=0, (03} ifz=0,
0.3,0.4) ifz=1, 03,04} ifz=1,
hy, (z) = and hy, () =
0.3,0.5] ifz =2, {0.3,04} ifz =2,
| 0,05]  ifz=3 {03} ifz=3.
\

Then H; and H, are anti-hesitant fuzzy UP-subalgebras of A. We thus obtain

the hesitant intersection of H; and H, as follows:

(
{0.3} if 2 =0,

{0.3} if v =1,
hHlmHQ(x) == <
{0.3,0.4) ifx =2,

{0.3} if x = 3.
\

Therefore, H; N Hy is not an anti-hesitant fuzzy UP-subalgebra of A because

hy, nm, (1 3) = hyy e, (2)
— {0.3,0.4}
¢ {0.3}
— {03} U{0.3)

= hHﬂTHz(l) U hHlﬂHz (3)
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The following example show that the hesitant intersection of anti-hesitant

fuzzy UP-filters of A is not an anti-hesitant fuzzy UP-filter of A.

Example 6.1.24 From a UP-algebra A = {0, 1,2,3} of Example [5.1.19, We

define two hesitant fuzzy sets H; and Hs on A as follows:

(
(0.6} ifz=0, (0.6} if 2 =0,
(06,07} ifz=1, {0.5,0.6,0.7} ifx =1,
hy, (z) = and hy, () =
{0.5,0.6} if x =2, {0.4,0.5,0.6} if x =2,
| (05,06} if =3 | (04,06} ifz=3

Then H; and H, are anti-hesitant fuzzy UP-filters of A. We thus obtain the

hesitant intersection of H; and Hy as follows:

)
{0.6} ifx=0,

(06,07} ifz =1,
hH1ﬂH2(m) =
(05,06} ifz=2,

| {0.6} if 7 = 3.

Therefore, H; N Hy is not an anti-hesitant fuzzy UP-filter of A because

hy,am, (2) = {0.5,0.6}

¢ {0.6,0.7}
={0.6} U {0.6,0.7}

= hH1ﬂH2 (3) U hH1ﬁH2(1>

= hHlﬂHz(l ' 2) U hH1ﬂH2(1)’

The following example show that the hesitant intersection of anti-hesitant

fuzzy UP-ideals of A is not an anti-hesitant fuzzy UP-ideal of A.

Example 6.1.25 From a UP-algebra A = {0, 1,2, 3} of Example[6.1.2] We define
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two hesitant fuzzy sets H; and Hs on A as follows:

( (
{09} ifz=0, (0.9} ifz=0,
0.9} ifx=1, 09,1} ifz =1,
hy, (z) = {093 and hy, () = { I
{0.9,1} ifz =2, {09}y ifr=2
| (09,1} ifz=3 09,1} ifz = 3.

Then H; and H, are anti-hesitant fuzzy UP-ideals of A. We thus obtain the

hesitant intersection of H; and Hs as follows:

(
{0.9} ifz=0,

{0 B GEar<ns
hH1ﬁH2($) A
{0.9} ifx=2

{0.9,1} ifz=3.
\

Therefore, H; N Hy is not an anti-hesitant fuzzy UP-ideal of A because

by, (0 - 3) = haryom, (3)
={0.9,1}
¢ {0.9}
= {0.9} U {0.9}
= hyyom, (1) U hay o, (2)

- hH1ﬂH2 (O ’ (2 ) 3)) U hHlmH2 (2)

Theorem 6.1.26 The hesitant intersection of anti-hesitant fuzzy strongly UP-

tdeals of A is an anti-hesitant fuzzy strongly UP-ideal of A.

Proof. Assume that {H; | i € I} is a family of anti-hesitant fuzzy strongly UP-
ideals of A. Then H; is an anti-hesitant fuzzy strongly UP-ideal of A for all ¢ € [.
By Theorem we have H; is a constant hesitant fuzzy set on A for all i € I.
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Thus (]HZ is a constant hesitant fuzzy set on A. By Theorem [4.2.9, we know
iel

that ﬂ H; is an anti-hesitant fuzzy strongly UP-ideal of A. O]
iel

Definition 6.1.27 Let {H; | ¢ € I} be a family of hesitant fuzzy sets on a

reference set X. We define the hesitant union operation U on {H; | i € I} by
UHi = {(o b (@) | 5 € X},
iel il

which is called the hesitant union of hesitant fuzzy sets. In particular, H; UH; =

{(z,hy, (x) Uhp, (x)) | z € X} for all i,k € I.

The following example show that the hesitant union of hesitant fuzzy

UP-subalgebras of A is not a hesitant fuzzy UP-subalgebra of A.

Example 6.1.28 From a UP-algebra A = {0, 1,2, 3} of Example[6.1.2] We define

two hesitant fuzzy sets H; and Hs on A as follows:

( (

0.6,0.9] ifz =0, 0.6,0.8] ifz =0,
0.8 if v =1, 0.7 ifx =1,
hy, (z) = {08} and hy, () = {07}
{071 ifz=2, {07} ifz=2,
| {06} ife=3 0.6,0.8] if = = 3.

Then H; and H, are hesitant fuzzy UP-subalgebras of A. We thus obtain the

hesitant union of H; and H, as follows:

(

0.6,0.9] ifz=0,
(0.7,08) ifa=1,
{0.7} if v =2,

hH1 UH2 (ZL‘) =

0.6,0.8] if 2= 3.

\
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Therefore, H; U Hy is not a hesitant fuzzy UP-subalgebra of A because

by om, (1-3) = hyom, (2)
— (0.7}
2 {0.7,0.8}
— {0.7,0.8} N [0.6,0.8]

= hH1UH2(1) N hH1UH2 (3)

The following example show that the hesitant union of hesitant fuzzy

UP-filters of A is not a hesitant fuzzy UP-filter of A.

Example 6.1.29 From a UP-algebra A = {0,1,2,3} of Example [5.1.19, We

define two hesitant fuzzy sets H; and Hs on A as follows:

( (
{0}u[0.8,1] ifx =0, [0,0.8] if z =0,
0tu|0.8,1] ifx=1, 0.8 ife=1,
hy, (z) = {opul ] and hy, (z) = {0.8}
{0.8} if o =2, 0 if o = 2,
" {0.8} ifz=3 ! {0} if v =3.

Then H; and Hy are hesitant fuzzy UP-filters of A. We thus obtain the hesitant

union of H; and Hy as follows:

;

[0, 1} if =0,

(VU[0.8,1] ifz=1,
hH1UH2<I> -

{0.8} if v =2,

{0, 0.8} if x = 3.

Therefore, H; U Hy is not a hesitant fuzzy UP-filter of A because

hH1UH2 (2> = {08}



2 {0,0.8}
= {0,0.8} N ({0} U [0.8,1])
= hyrum, (3) N hiyum, (1)

- hH1UH2(1 : 2) N hH1UH2(1)’
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The following example show that the hesitant union of hesitant fuzzy

UP-ideals of A is not a hesitant fuzzy UP-ideal of A.

Example 6.1.30 From a UP-algebra A = {0, 1, 2,3} of Example[6.1.2] We define

two hesitant fuzzy sets H; and Hy on A as follows:

({OQH if o =0, ’{Q&H

09,1} ifz =1, 1

hy, (z) = { s and hy, () = t
1 ifz=2 {0.9,1}

4 {1} if =3 \ {1}

if v =0,
if x =1,
if v =2,
if x = 3.

Then H; and Hs are hesitant fuzzy UP-ideals of A. We thus obtain the hesitant

union of H; and Hy as follows:

p
{0.9,1} ifz =0,
09,1} ifz =1,
hHl UH2 (:L’) =
{0.9,1} if 2 =2,

{1} if z = 3.
\

Therefore, H; U Hy is not a hesitant fuzzy UP-ideal of A because

hH1UH2 (0 : 3) = hH1UH2 (3>
e
;,7_5 {0.9, 1}



={0.9,1} N {0.9, 1}
= hH1UH2(1) N hH1UH2 (2)

= hy,um, (0 - (2 - 3)) Nhy,un
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2(2)-

Theorem 6.1.31 The hesitant union of hesitant fuzzy strongly UP-ideals of A is

a hesitant fuzzy strongly UP-ideal of A.

Proof. Assume that {H; | i € I} is a family of hesitant fuzzy strongly UP-ideals

of A. Then H; is a hesitant fuzzy strongly UP-ideal of A for

all7 € I. By Theorem

4.1.5, we have H; is a constant hesitant fuzzy set on A for all ¢ € I. Thus U H;

is a constant hesitant fuzzy set on A. By Theorem 4.1.5|

a hesitant fuzzy strongly UP-ideal of A.

i€l
we know that U H; is
iel

[]

Theorem 6.1.32 The hesitant union of anti-hesitant fuzzy UP-subalgebras of A

1s an anti-hesitant fuzzy UP-subalgebra of A.

Proof. Assume that {H; | i € I} is a family of anti-hesitant

fuzzy UP-subalgebras

of A. Let z,y € A. Then hy,(z - y) C hy,(x) U hy,(y) for all ¢ € I. Thus

hy,, 1, = Jhu,(z - y)
iel
< |y, () Uhy, ()
el
= Jhu, (@) uJhu.(v)
el el

= hy,m () Uy, (y)-

Hence, U H; is an anti-hesitant fuzzy UP-subalgebra of A.

el
Theorem 6.1.33 The hesitant union of anti-hesitant fuzz

anti-hesitant fuzzy UP-filter of A.

O

y UP-filters of A is an
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Proof. Assume that {H; | i € I'} is a family of anti-hesitant fuzzy UP-filters of A.
Let z,y € A. Then hy,(0) C hy,(x) and hy, (y) C hy, (- y) Uhgy,(x) for all i € 1.
Thus hy,_,1,(0) = | Jhu, (0) € | Jhu, (x) = hy,_, 1, (x) and

iel i€l

Uy () = (b, (v

el

i€l

- UhH(my) UUhHi(-T)

il el

= by, u,(z - ¥) Uhy_,n(2).

Hence, U H; is an anti-hesitant fuzzy UP-filter of A. O

iel
Theorem 6.1.34 The hesitant union of anti-hesitant fuzzy UP-ideals of A is an

anti-hesitant fuzzy UP-ideal of A.

Proof. Assume that {H; | i € I} is a family of anti-hesitant fuzzy UP-ideals of A.
Let x,y € A. Then hy,(0) C hy,(x) and hg,(z - 2) C hy,(z - (y - 2)) U hy, (y) for

all i € I. Thus hy,_ 1,(0) = UhHi (0) C UhHi (z) = hy,_, n,(z) and

i€l i€l

hUlezH x-z) UhH T z)

el

C | J (= ) Uhg, (y))
el

= U hy,(z - (y-2))U U hy, (y
el el

=hy,_ um(z-(y-2)Uhy,_ u(y)

Hence, U H; is an anti-hesitant fuzzy UP-ideal of A. O

el

Theorem 6.1.35 The hesitant union of anti-hesitant fuzzy strongly UP-ideals of
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A is an anti-hesitant fuzzy strongly UP-ideal of A.

Proof. Assume that {H; | i € I} is a family of anti-hesitant fuzzy strongly UP-
ideals of A. Then H; is an anti-hesitant fuzzy strongly UP-ideal of A for all i € I.

By Theorem [4.2.9] we have H; is a constant hesitant fuzzy set on A for all ¢ € I.

Thus UHZ is a constant hesitant fuzzy set on A. By Theorem [4.2.9, we know

iel
that U H; is an anti-hesitant fuzzy strongly UP-ideal of A. [
iel

6.2 Operations on hesitant fuzzy soft sets

The concepts of the “AND” operation and the “OR” operation on two
hesitant fuzzy soft sets and the union and the intersection of two hesitant fuzzy

soft sets were introduced by Wang et al. [41] in 2014.

Definition 6.2.1 Let (H;,Y;) and (Ha, Y3) be two hesitant fuzzy soft sets over
a reference set X. The AND operation on (H;,Y;) and (Hy, Y3) is defined to be

the hesitant fuzzy soft sets (ﬁ, Y') satisfying the following properties:

(1) Y =Y; x Y3, and

(2) ﬁ[plaPQ] = ﬁl[pﬂ Nr ﬁz [Pz] for any (p1,p2) cY.

We write (Hy, Y;)A(H,, Ys) = (H,Y).

Definition 6.2.2 Let (ﬁl, Y1) and (ﬁQ, Y5) be two hesitant fuzzy soft sets over a
reference set X. The OR operation on (Hy,Y;) and (H,, Y3) is defined to be the

hesitant fuzzy soft sets (ﬁ, Y') satisfying the following properties:

(1) Y =Y; x Y5, and

(2) ﬁ[pl7p2] = ﬁ1[p1] Up ﬁz[pQ] for any (p1,p2) €Y.
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We write (Hy, Y;)V(H,, Ys) = (H,Y).

Definition 6.2.3 Let (H;,Y;) and (H,, Y) be two hesitant fuzzy soft sets over a
reference set X. The union of (Hy,Y;) and (H,, Ya) is defined to be the hesitant

fuzzy soft sets (ﬁ, Y') satisfying the following properties:

(1) Y=Y, UY5, and

(2) forany peY,

Hi [p] if p € Y1\Ya,
Hlp] = ¢ Ha[p] if p € Y2\V3,

Hi[p] Ur Halp] if p € Y4 N Ya.

We write (Hy, Y;)U(Ha,, Ya) = (H,Y).

Definition 6.2.4 Let (H;,Y;) and (Hy,Y2) be two hesitant fuzzy soft sets over
a reference set X. The intersection of (Hy,Y;) and (Hs,Ys) is defined to be the

hesitant fuzzy soft sets (ﬁ, Y') satisfying the following properties:

(1) Y =Y, NYy #0, and

(2) Hp] = Hy[p] Ny Hy[p] for all p € Y.
We write (Hy, Y1)A(H,, Y2) = (H,Y).

We will introduce the notions of the union, the intersection, the restricted
union, the extended intersection, the AND, and the OR of any hesitant fuzzy soft

sets and apply to UP-algebras.

Definition 6.2.5 Let {(H,,Y;) | i € I} be a family of hesitant fuzzy soft sets
over a reference set X. The restricted union of {(ﬁl, Y;) | i € I} is defined to be

the hesitant fuzzy soft sets (ﬁ, Y') satisfying the following properties:
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(1) Y =Y #0, and

(2) Hlp] = Uﬁz[p] forallpeV.

i€l

We write U'r’(ﬁi, Y;) = (H,Y).

iel
Theorem 6.2.6 The restricted union of anti-hesitant fuzzy soft UP-subalgebras
of A is an anti-hesitant fuzzy soft UP-subalgebra of A.

Proof. Let (ﬁz, Y;) be an anti-hesitant fuzzy soft UP-subalgebra of A for all i € I.
Then ﬁz [p;] is an anti-hesitant fuzzy UP-subalgebras of A for all p; € Y; and i € .
Assume that (H,Y) is the restricted union of (H;,Y;) for all i € I and let p € Y.
Then p € Y = in and H[p] = Uﬁl[p] Thus p € Y; for all i € I and so H;[p]
is a hesitant fuizezly UP—subalgebrl;sI of A for all i € I. By Theorem [6.1.32] we
have H[p] = L_JIA:IZ [p] is a hesitant fuzzy UP-subalgebra of A. Therefore, (H,Y)
is a p—hesitanéceéuzzy soft UP-subalgebra of A. Since p is arbitrary, we know that
(H,Y) is a hesitant fuzzy soft UP-subalgebra of A. O

In the same way as Theorem [6.2.6, we can use Theorem [6.1.33] Theorem
6.1.34] Theorem [6.1.35 and Theorem [6.1.31] respectively, to prove the following

theorem.

Theorem 6.2.7 The restricted union of anti-hesitant fuzzy soft UP-filters (resp.,
anti-hesitant fuzzy soft UP-ideals, anti-hesitant fuzzy soft strongly UP-ideals, hes-
itant fuzzy soft strongly UP-ideals) of A is an anti-hesitant fuzzy soft UP-filter
(resp., an anti-hesitant fuzzy soft UP-ideal, an anti-hesitant fuzzy soft strongly
UP-ideal, a hesitant fuzzy soft strongly UP-ideal) of A.

By Example|6.1.28 (resp., Example|6.1.29] Example|6.1.30)), we can imply

that the restricted union of hesitant fuzzy soft UP-subalgebras (resp., hesitant
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fuzzy soft UP-filters, hesitant fuzzy soft UP-ideals) of A is not a hesitant fuzzy soft
UP-subalgebra (resp., hesitant fuzzy soft UP-filter, hesitant fuzzy soft UP-ideal)

of A in general.

Definition 6.2.8 Let {(H,,Y;) | i € I} be a family of hesitant fuzzy soft sets

over a reference set X. The union U(ﬁ“ Y;) of hesitant fuzzy soft sets is defined
iel
to be the hesitant fuzzy soft sets (H,Y) satisfying the following properties:

(1) Y = UY;, and

el

(2) for any p € Y with p € ﬂY}\ U Yy where ) # J C I, H[p| = Uﬁj[p]

Jjed kel\J jeJ
Theorem 6.2.9 The union of anti-hesitant fuzzy soft UP-subalgebras of A is an

anti-hesitant fuzzy soft UP-subalgebra of A.

Proof. Let (ﬁz, Y;) be an anti-hesitant fuzzy soft UP-subalgebra of A for all i € I.
Then ﬁl[pz] is an anti-hesitant fuzzy UP-subalgebras of A for all p; € Y; and i € I.
Assume that (H,Y) is the union of (H;,Y;) for all i € I. Then Y = UYZ" Let

iel
peY.

If p e ﬂY; # (), then it follows from Theorem [6.2.6| that (ﬁ,Y) is a
icl
p-anti-hesitant fuzzy soft UP-subalgebra of A.

fpe Y\ Y=Y\ |J Yiwherej €I, then Hjp] = | J Hlp] =
N k#j keI\{j} _JEl)
H,[p] is an anti-hesitant fuzzy UP-subalgebra of A. Therefore, (H,Y) is a p-anti-

hesitant fuzzy soft UP-subalgebra of A.

Ifpe ﬂY}\ U Yy where ) #£ J C I, thenﬁ[p]:Uﬁj[p] and p € Y]

jed kel\J jed

for all j € J but p ¢ Y}, for some k € I\J. Thus H,[p] is an anti-hesitant fuzzy

UP-subalgebra of A for all j € J. By Theorem [6.1.32, we have ﬁ[p] = U ﬁj [p] is

jeJ
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an anti-hesitant fuzzy UP-subalgebra of A. Therefore, (ﬁ, Y') is a p-anti-hesitant
fuzzy soft UP-subalgebra of A.

Since p is arbitrary, we know that (ﬁ, Y') is an anti-hesitant fuzzy soft

UP-subalgebra of A. O

In the same way as Theorem [6.2.9, we can use Theorem and The-
orem (resp., Theorem [6.1.34] Theorem Theorem to prove
that the union of anti-hesitant fuzzy soft UP-filters (resp., anti-hesitant fuzzy
soft UP-ideals, anti-hesitant fuzzy soft strongly UP-ideals, hesitant fuzzy soft
strongly UP-ideals) of A is an anti-hesitant fuzzy soft UP-filter (resp., an anti-
hesitant fuzzy soft UP-ideal, an anti-hesitant fuzzy soft strongly UP-ideal, a hes-
itant fuzzy soft strongly UP-ideal) of A. By the way, we also confirm that the
union of hesitant fuzzy soft UP-subalgebras (resp., hesitant fuzzy soft UP-filters,
hesitant fuzzy soft UP-ideals) of A is not a hesitant fuzzy soft UP-subalgebra

(resp., hesitant fuzzy soft UP-filter, hesitant fuzzy soft UP-ideal) of A in general.

Definition 6.2.10 Let {(H;,Y;) | i € I} be a family of hesitant fuzzy soft sets
over a reference set X. The intersection of {(H;,Y;) | i € I} is defined to be the

hesitant fuzzy soft sets (H, Y) satisfying the following properties:

(1) Y =(Y; # 0, and

el
(2) Hlp] = Hi[p] for all p € V"
iel
We write ﬂ(ﬁl, Y;) = (H,Y)
icl
Theorem 6.2.11 The intersection of hesitant fuzzy soft UP-subalgebras of A is

a hesitant fuzzy soft UP-subalgebra of A.

Proof. Let (IjIZ-,YZ») be a hesitant fuzzy soft UP-subalgebra of A for all i € I.

Then H; [p:] is a hesitant fuzzy UP-subalgebras of A for all p; € Y; and i € I.
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Assume that (H,Y) is the intersection of (Hy,Y;) for all i € I and let p € Y.
Then p € Y = (1|Y; and H[p] = (| Hi[p]. Thus p € ¥; for all i € I and so H;[p]
is a hesitant fuizez[y UP—subalgeer:sI of A for all ¢ € I. By Theorem [6.1.19 we
have H[p] = ﬂﬁz [p] is a hesitant fuzzy UP-subalgebra of A. Therefore, (H,Y)
is a p—hesitanéceéuzzy soft UP-subalgebra of A. Since p is arbitrary, we know that
(ﬁ, Y') is a hesitant fuzzy soft UP-subalgebra of A. H

In the same way as Theorem [6.2.11] we can use Theorem [6.1.20, Theorem
6.1.21, Theorem [6.1.22| and Theorem [6.1.26} respectively, to prove the following

theorem.

Theorem 6.2.12 The intersection of hesitant fuzzy soft UP-filters (resp., hes-
itant fuzzy soft UP-ideals, hesitant fuzzy soft strongly UP-ideals, anti-hesitant
fuzzy soft strongly UP-ideals) of A is a hesitant fuzzy soft UP-filter (resp., a hesi-
tant fuzzy soft UP-ideals, a hesitant fuzzy soft strongly UP-ideals, an anti-hesitant
fuzzy soft strongly UP-ideals) of A.

By Example [6.1.23| (resp., Example [6.1.24], Example [6.1.25)), we can im-

ply that the intersection of anti-hesitant fuzzy soft UP-subalgebras (resp., anti-
hesitant fuzzy soft UP-filters, anti-hesitant fuzzy soft UP-ideals) of A is not an
anti-hesitant fuzzy soft UP-subalgebra (resp., anti-hesitant fuzzy soft UP-filter,

anti-hesitant fuzzy soft UP-ideal) of A in general.

Definition 6.2.13 Let {(H;,Y;) | i € I} be a family of hesitant fuzzy soft sets
over a reference set X. The extended intersection of {(H;,Y;) | i € I'} is defined

to be the hesitant fuzzy soft sets (ﬁ, Y') satisfying the following properties:

(1) Y =]V and

el

(2) for any p € Y with p € ﬂY}\ U Y where ) £ J C I, ﬁ[p] = ﬂﬁ][p]

jed keI\J jeJ
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We write ((e(H;, V) = (H,Y).

iel
Theorem 6.2.14 The extended intersection of hesitant fuzzy soft UP-subalgebras
of A is a hesitant fuzzy soft UP-subalgebra of A.

Proof. Let (H;,Y;) be a hesitant fuzzy soft UP-subalgebra of A for all i € I. Then

H;[p;] is a hesitant fuzzy UP-subalgebras of A for all p; € Y; and ¢ € I. Assume
that (H,Y) is the extended intersection of (H;,Y;) for all i € I. Then Y = U Y.

el

Let pe Y.

Ifp e ﬂYi £ (), then it follows from Theorem [6.2.11| that (H,Y) is a
i€l
p-hesitant fuzzy soft UP-subalgebra of A.

Ifpe Y\ Y =Y\ [J Y& where j €I, then Hjp] = () H[p] =
B k#j kel\{j} B je{it
H;[p|] is a hesitant fuzzy UP-subalgebra of A. Therefore, (H,Y') is a p-hesitant

fuzzy soft UP-subalgebra of A.
If pe ﬂYJ\ U Y, where () # .J C I, then Hip] = mﬁ][p] and p € Y]

jeJ  kel\J jeJ
for all j € J but p ¢ Y}, for some k € I\J. Thus H;[p| is a hesitant fuzzy UP-

subalgebra of A for all j € J. By Theorem [6.1.19, we have H[p] = ﬂ ﬁj [p] is a

jed
hesitant fuzzy UP-subalgebra of A. Therefore, (H,Y") is a p-hesitant fuzzy soft

UP-subalgebra of A.

Since p is arbitrary, we know that (ﬁ,Y) is a hesitant fuzzy soft UP-
subalgebra of A. O

In the same way as Theorem [6.2.14) we can use Theorem [6.2.12] and

Theorem [6.1.20] (resp., [6.1.21} Theorem [6.1.22] Theorem [6.1.23]) to prove that the

extended intersection of hesitant fuzzy soft UP-filters (resp., hesitant fuzzy soft

UP-ideals, hesitant fuzzy soft strongly UP-ideals, anti-hesitant fuzzy soft strongly
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UP-ideals) of A is a hesitant fuzzy soft UP-filter (resp., a hesitant fuzzy soft UP-
ideal, a hesitant fuzzy soft strongly UP-ideal, an anti-hesitant fuzzy soft strongly
UP-ideal) of A. By the way, we also confirm that the extended intersection of
hesitant fuzzy soft UP-subalgebras (resp., hesitant fuzzy soft UP-filters, hesitant
fuzzy soft UP-ideals) of A is not a hesitant fuzzy soft UP-subalgebra (resp.,

hesitant fuzzy soft UP-filter, hesitant fuzzy soft UP-ideal) of A in general.

Definition 6.2.15 Let {(H;,Y;) | i € I} be a family of hesitant fuzzy soft sets
over a reference set X. The AND of {(H;,Y;) | i € I} is defined to be the hesitant

fuzzy soft sets (ﬁ, Y') satisfying the following properties:

(1) Y = HY;, and

i€l

(2) Hl(pi)ier) = [ Hilpi] for all (pi)ier € Y.

el
We write /\ (H;,Y;) = (H,Y).
i€l
Theorem 6.2.16 The AND of hesitant fuzzy soft UP-subalgebras of A is a hes-
itant fuzzy soft UP-subalgebra of A.

Proof. Let (ﬁl, Y;) be a hesitant fuzzy soft UP-subalgebra of A for all ¢+ € I and
let p; € Y; for all ¢ € I. Then ﬁz[ ;] is a hesitant fuzzy UP-subalgebras of A.
Assume that (H,Y) is the AND of (H;,Y;) for all i € I. Then Y = HYi and

el

H[(p;)ier] ﬂH pi]. By Theorem [6.1.19) we have H [(pi)ier] ﬂH pi] is a

i€l el
hesitant fuzzy UP-subalgebra of A. Therefore, (H,Y') is a (p;);c;-hesitant fuzzy

soft UP-subalgebra of A. Since (p;)ics is arbitrary, we know that (ﬁ,Y) is a
hesitant fuzzy soft UP-subalgebra of A. m

In the same way as Theorem [6.2.16], we can use Theorem [6.1.20] (resp.,
Theorem [6.1.21, Theorem [6.1.22] Theorem [6.1.26) to prove that the AND of
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hesitant fuzzy soft UP-filters (resp., hesitant fuzzy soft UP-ideals, hesitant fuzzy
soft strongly UP-ideals, anti-hesitant fuzzy soft strongly UP-ideals) of A is a
hesitant fuzzy soft UP-filter (resp., a hesitant fuzzy soft UP-ideal, a hesitant fuzzy
soft strongly UP-ideal, an anti-hesitant fuzzy soft strongly UP-ideals) of A. By
the way, we also confirm that the AND of anti-hesitant fuzzy soft UP-subalgebras
(resp., anti-hesitant fuzzy soft UP-filters, anti-hesitant fuzzy soft UP-ideals) of A
is not an anti-hesitant fuzzy soft UP-subalgebra (resp., anti-hesitant fuzzy soft

UP-filter, anti-hesitant fuzzy soft UP-ideal) of A in general.

Definition 6.2.17 Let {(H;,Y;) | i € I} be a family of hesitant fuzzy soft sets
over a reference set X. The OR of {(H;,Y;) | i € I} is defined to be the hesitant

fuzzy soft sets (ﬁ, Y') satisfying the following properties:

(1) Y =[], and
el

(2) H{(p)ier] = | JHilpi] for all (pi)ies €Y.

el

We write \/(H;, Y;) = (H,Y).
i€l
Theorem 6.2.18 The OR of anti-hesitant fuzzy soft UP-subalgebras of A is an

anti-hesitant fuzzy soft UP-subalgebra of A.

Proof. Let (ITIZ, Y;) be an anti-hesitant fuzzy soft UP-subalgebra of A for alli € T
and let p; € Y; for all i € I. Then ﬁz[pz] is a hesitant fuzzy UP-subalgebras of
A. Assume that (H,Y) is the OR of (H;,Y;) for all i € I. Then Y = HY; and

i€l
H[(p:)ic1] = Uﬁl [pi]. By Theorem [6.1.32] we have H[(p;)ses] is an anti-hesitant
iel
fuzzy UP-subalgebra of A. Therefore, (H,Y) is a (p;);es-anti-hesitant fuzzy soft

UP-subalgebra of A. Since p is arbitrary, we know that (ﬁ, Y') is an anti-hesitant
fuzzy soft UP-subalgebra of A. O
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In the same way as Theorem [6.2.18] we can use Theorem [6.1.33] (resp.,
Theorem [6.1.34, Theorem [6.1.35| , Theorem [6.1.31) to prove that the OR of

anti-hesitant fuzzy soft UP-filters (resp., anti-hesitant fuzzy soft UP-ideals, anti-
hesitant fuzzy soft strongly UP-ideals, hesitant fuzzy soft strongly UP-ideals) of
A is an anti-hesitant fuzzy soft UP-filter (resp., an anti-hesitant fuzzy soft UP-
ideal, an anti-hesitant fuzzy soft strongly UP-ideal, a hesitant fuzzy soft strongly
UP-ideal) of A. By the way, we also confirm that the OR of hesitant fuzzy
soft UP-subalgebras (resp., hesitant fuzzy soft UP-filters, hesitant fuzzy soft UP-
ideals) of A is not a hesitant fuzzy soft UP-subalgebra (resp., hesitant fuzzy soft
UP-filter, hesitant fuzzy soft UP-ideal) of A in general.



CHAPTER VII

CONCLUSIONS

From our study, we get the main results as the following;:

. A hesitant fuzzy set H is a constant hesitant fuzzy set on A if and only if

the complement of H is a constant hesitant fuzzy set on A.

. A hesitant fuzzy set H on A is an anti-hesitant fuzzy strongly UP-ideal of

A if and only if it is a constant hesitant fuzzy set on A.

. Every anti-hesitant fuzzy strongly UP-ideal of A is an anti-hesitant fuzzy
UP-ideal of A.

. Every anti-hesitant fuzzy UP-ideal of A is an anti-hesitant fuzzy UP-filter
of A.

. Every anti-hesitant fuzzy UP-filter of A is an anti-hesitant fuzzy UP-sub-

algebra of A.

. A hesitant fuzzy set H on A is an anti-hesitant fuzzy UP-subalgebra of A
if and only if for all € € P([0,1]), a nonempty subset L(H;e) of A is a
UP-subalgebra of A.

. A hesitant fuzzy set H on A is an anti-hesitant fuzzy UP-filter of A if and
only if for all € € P([0, 1]), a nonempty subset L(H;e) of A is a UP-filter of
A.

. A hesitant fuzzy set H on A is an anti-hesitant fuzzy UP-ideal of A if and
only if for all € € P([0, 1]), a nonempty subset L(H;e) of A is a UP-ideal of
A.
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9. Let H be a hesitant fuzzy set on A. Then the following statements are

equivalent:

(1) H is an anti-hesitant fuzzy strongly UP-ideal of A,

(2) a nonempty subset L(H;e) of A is a strongly UP-ideal of A for all
e € P([0,1]), and

(3) a nonempty subset U(H;e) of A is a strongly UP-ideal of A for all
e € P([0,1]).

10. Let H be a hesitant fuzzy set on A. Then the following statements hold:

(1) if H is an anti-hesitant fuzzy UP-subalgebra of A, then for all € €
P([0,1]), L~ (H;e) is a UP-subalgebra of A if L~ (H;e) is nonempty,
and

(2) if Im(H) is a chain and for all ¢ € P([0, 1]), a nonempty subset L~ (H;¢)
of A is a UP-subalgebra of A, then H is an anti-hesitant fuzzy UP-

subalgebra of A.
11. Let H be a hesitant fuzzy set on A. Then the following statements hold:

(1) if H is an anti-hesitant fuzzy UP-filter of A, then for all ¢ € P([0, 1]),
L~ (H;e) is a UP-filter of A if L~ (H;¢) is nonempty, and

(2) if Im(H) is a chain and for all ¢ € P(]0, 1]), a nonempty subset L~ (H; ¢)
of A is a UP-filter of A, then H is an anti-hesitant fuzzy UP-filter of
A.

12. Let H be a hesitant fuzzy set on A. Then the following statements hold:

(1) if H is an anti-hesitant fuzzy UP-ideal of A, then for all e € P([0, 1]),
L~ (H;e) is a UP-ideal of A if L~ (H;e) is nonempty, and



112

(2) if Im(H) is a chain and for all ¢ € P(]0, 1]), a nonempty subset L~ (H; ¢)
of A is a UP-ideal of A, then H is an anti-hesitant fuzzy UP-ideal of
A.

13. Let H be a hesitant fuzzy set on A. Then the following statements hold:

(1) if H is an anti-hesitant fuzzy strongly UP-ideal of A, then for all ¢ €
P([0,1]), L~ (H;e) is a strongly UP-ideal of A if L™ (H;¢) is nonempty,

and

(2) if Im(H) is a chain and for all ¢ € P(]0, 1]), a nonempty subset L~ (H;¢)
of A is a strongly UP-ideal of A, then H is an anti-hesitant fuzzy
strongly UP-ideal of A.

14. A hesitant fuzzy set H on A is an anti-hesitant fuzzy UP-subalgebra of A
if and only if for all ¢ € P([0,1]), a nonempty subset U(H;¢) of A is a
UP-subalgebra of A.

15. A hesitant fuzzy set H on A is an anti-hesitant fuzzy UP-filter of A if and
only if for all € € P([0,1]), a nonempty subset U(H;e) of A is a UP-filter
of A.

16. A hesitant fuzzy set H on A is an anti-hesitant fuzzy UP-ideal of A if and
only if for all € € P([0, 1]), a nonempty subset U(H;e) of A is a UP-ideal
of A.

17. Let H be a hesitant fuzzy set on A. Then the following statements are

equivalent:

(1) H is an anti-hesitant fuzzy strongly UP-ideal of A,

(2) a nonempty subset U(H;e) of A is a strongly UP-ideal of A for all
e € P(]0,1]), and
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(3) a nonempty subset L(H;e) of A is a strongly UP-ideal of A for all
e € P([0,1]).

18. Let H be a hesitant fuzzy set on A. Then the following statements hold:

(1) if H is an anti-hesitant fuzzy UP-subalgebra of A, then for all £ €
P([0,1]), UT(H;e) is a UP-subalgebra of A if UT(H;e) is nonempty,
and

(2) if Im(H) is a chain and for all £ € P([0, 1]), a nonempty subset U*(H; ¢)
of A is a UP-subalgebra of A, then H is an anti-hesitant fuzzy UP-

subalgebra of A.
19. Let H be a hesitant fuzzy set on A. Then the following statements hold:
(1) if H is an anti-hesitant fuzzy UP-filter of A, then for all € € P([0, 1]),
U™ (H;e) is a UP-filter of A if UT(H;¢) is nonempty, and

(2) if Im(H) is a chain and for all £ € P([0, 1]), a nonempty subset U™ (H; &)
of A is a UP-filter of A, then H is an anti-hesitant fuzzy UP-filter of
A.

20. Let H be a hesitant fuzzy set on A. Then the following statements hold:
(1) if H is an anti-hesitant fuzzy UP-ideal of A, then for all € € P([0, 1]),
U*(H;e) is a UP-ideal of A if U*(H;e) is nonempty, and

(2) if Im(H) is a chain and for all £ € P([0, 1]), a nonempty subset U™ (H; ¢)
of A is a UP-ideal of A, then H is an anti-hesitant fuzzy UP-ideal of
A.

21. Let H be a hesitant fuzzy set on A. Then the following statements hold:

(1) if H is an anti-hesitant fuzzy strongly UP-ideal of A, then for all € €
P([0,1]), Ut (H;e) is a strongly UP-ideal of A if U™ (H; ¢) is nonempty,

and
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(2) if Im(H) is a chain and for all £ € P([0, 1]), a nonempty subset U™ (H; ¢)
of A is a strongly UP-ideal of A, then H is an anti-hesitant fuzzy
strongly UP-ideal of A.

If a hesitant fuzzy set H on A is an anti-hesitant fuzzy UP-subalgebra of A,
then for all e € P([0, 1]), a nonempty subset E(H;¢) of A is a UP-subalgebra

of A where L™ (H;¢) is empty.

If a hesitant fuzzy set H on A is an anti-hesitant fuzzy UP-filter of A, then
for all € € P([0,1]), a nonempty subset E(H;e) of A is a UP-filter of A

where L~ (H;¢) is empty.

If a hesitant fuzzy set H on A is an anti-hesitant fuzzy UP-ideal of A, then
e € P([0,1]), a nonempty subset E(H;e) of A is a UP-ideal of A where

L~ (H;e) is empty.

A hesitant fuzzy set H on A is an anti-hesitant fuzzy strongly UP-ideal of
A if and only if E(H;hy(0)) is a strongly UP-ideal of A.

If a hesitant fuzzy set H on A is a hesitant fuzzy UP-subalgebra of A, then
for all € € P([0,1]), a nonempty subset E(H;e) of A is a UP-subalgebra of
A where U™ (H;¢) is empty.

If a hesitant fuzzy set H on A is a hesitant fuzzy UP-filter of A, then for
all e € P([0,1]), a nonempty subset E(H;e) of A is a UP-filter of A where

U*(H;e) is empty.

If a hesitant fuzzy set H on A is a hesitant fuzzy UP-ideal of A, then for
all € € P([0,1]), a nonempty subset E(H;e) of A is a UP-ideal of A where
UT(H;e) is empty.

A hesitant fuzzy set H on A is a hesitant fuzzy strongly UP-ideal of A if
and only if F(H;hy(0)) is a strongly UP-ideal of A.
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If (ﬁ,Y) is a hesitant fuzzy soft UP-subalgebra of A, then it satisfies the

property:

(Vp € YV € A)(hgy,(0) 2 by (). (5.1.1)

Let (ﬁ, Y') be a hesitant fuzzy soft set over A which satisfies the condition:

(Vp € YVz,y,2 € A)(2 < @ -y = hg, (y) 2 hyy, (2) Nhy, (@) (5.1.2)

Then (ﬁ, Y') is a hesitant fuzzy soft UP-subalgebra of A.

Every p-hesitant fuzzy soft UP-filter of A is a p-hesitant fuzzy soft UP-

subalgebra.

A hesitant fuzzy soft set (ﬁ, Y) over A is a hesitant fuzzy soft UP-filter of
A if and only if it satisfies the condition (5.1.2)).

Let (ﬁ, Y') be a hesitant fuzzy soft set over A which satisfies the condition:
(Vp € YVw, z,y,z € A)(x < w-(y-z) = hﬁ[p] (x-z) 2 b (w)ﬂhﬁ[p] (y)). (5.1.3)

Then it is a hesitant fuzzy soft UP-filter of A.

Let (ﬁ, Y') be a hesitant fuzzy soft set over A which satisfies the condition:
(Vp e YVw,z,y,z € A)(w < z-(y-2) = hﬁ[p] (x-2) D hﬁ[p] (w)ﬂhﬁ[p] (y)). (5.1.4)

Then it is a hesitant fuzzy soft UP-filter of A.
Every p-hesitant fuzzy soft UP-ideal of A is a p-hesitant fuzzy soft UP-filter.

If (H,Y) is a hesitant fuzzy soft UP-ideal of A, then it satisfies the condition
G1.3).
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38. A hesitant fuzzy soft set (ﬁ, Y) over A is a hesitant fuzzy soft UP-ideal of

A if and only if it satisfies the condition ([5.1.4)).

39. Let (H,Y) be a hesitant fuzzy soft set over A which satisfies the condition:
(Vp eYVw,z,y,z€ A)(w<(z-y) (2 -2) = hﬁ[p] () 2 hﬁ[p] (w) N hﬁ[p} (y)). (5.1.5)

Then it is a hesitant fuzzy soft UP-ideal of A.

40. Every p-hesitant fuzzy soft strongly UP-ideal of A is a p-hesitant fuzzy soft
UP-ideal.

41. A hesitant fuzzy soft set (ﬁ,Y) over A is a hesitant fuzzy soft strongly
UP-ideal of A if and only if it satisfies the condition (5.1.5).

42. Let (ﬁ,Y) is a hesitant fuzzy soft set over A such that ) # N C Y. Then

the following statements are hold:

(1) if (ﬁ, Y) is a hesitant fuzzy soft UP-subalgebra (resp., hesitant fuzzy
soft UP-filter, hesitant fuzzy soft UP-ideal, hesitant fuzzy soft strongly
UP-ideal) of A, then (H|y, N) is a hesitant fuzzy soft UP-subalgebra
(resp., hesitant fuzzy soft UP-filter, hesitant fuzzy soft UP-ideal, he-

sitant fuzzy soft strongly UP-ideal) of A, and

(2) there exists (H|y, N) is a hesitant fuzzy soft UP-subalgebra (resp.,
hesitant fuzzy soft UP-filter, hesitant fuzzy soft UP-ideal, hesitant
fuzzy soft strongly UP-ideal) of A, but (ﬁ, Y') is not a hesitant fuzzy
soft UP-subalgebra (resp., hesitant fuzzy soft UP-filter, hesitant fuzzy
soft UP-ideal, hesitant fuzzy soft strongly UP-ideal) of A.

43. A hesitant fuzzy soft set (ﬁ,Y) over A is a hesitant fuzzy soft strongly

UP-ideal of A if and only if is a constant hesitant fuzzy soft set over A.
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If (ﬁ, Y') is an anti-hesitant fuzzy soft UP-subalgebra of A, then it satisfies

the property:

(Vp € YV € A)(hgy,(0) € by (). (5.2.1)

Let (ﬁ, Y') be a hesitant fuzzy soft set over A which satisfies the condition:

(Vp € YVz,y,2 € A)(2 <z -y = hg, (y) € hy,(2) Uhg,(z)).  (5.2.2)

Then it is an anti-hesitant fuzzy soft UP-subalgebra of A.

Every p-anti-hesitant fuzzy soft UP-filter of A is a p-anti-hesitant fuzzy soft
UP-subalgebra.

A hesitant fuzzy soft set (ﬁ, Y') over A is an anti-hesitant fuzzy soft UP-filter
of A if and only if it satisfies the condition (/5.2.2)).

Let (ﬁ, Y') be a hesitant fuzzy soft set over A which satisfies the condition:
(Vp € YVw, z,y,z € A)(x < w-(y-z) = hﬁ[p] (x-z) C b (w)Uhﬁ[p] (y)). (5.2.3)

Then it is an anti-hesitant fuzzy soft UP-filter of A.

Let (ﬁ, Y') be a hesitant fuzzy soft set over A which satisfies the condition:
(Vp e YVw,z,y,z € A)(w < z-(y-2) = hﬁ[p] (x-z) C hﬁ[p] (w)Uhﬁ[p] (y)). (5.2.4)

Then it is an anti-hesitant fuzzy soft UP-filter of A.

Every p-anti-hesitant fuzzy soft UP-ideal of A is a p-anti-hesitant fuzzy soft
UP-filter.
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If (ﬁ,Y) is an anti-hesitant fuzzy soft UP-ideal of A, then it satisfies the
condition ([5.2.3)).

A hesitant fuzzy soft set (H,Y) over A is an anti-hesitant fuzzy soft UP-ideal
of A if and only if it satisfies the condition (5.2.4)).

Let (ﬁ, Y') be a hesitant fuzzy soft set over A which satisfies the condition:
(Vp e YVw,z,y,z € A)(w < (z-y) (2 z) = i (z) C i (w) U g (). (5.2.5)

Then it is an anti-hesitant fuzzy soft UP-ideal of A.

Every p-anti-hesitant fuzzy soft strongly UP-ideal of A is a p-anti-hesitant

fuzzy soft UP-ideal.

A hesitant fuzzy soft set (ﬁ, Y') over A is an anti-hesitant fuzzy soft strongly
UP-ideal of A if and only if it satisfies the condition (5.2.5)).

Let (ﬁ, Y') be a hesitant fuzzy soft set over A and N be a nonempty subset

of Y. Then the following statements are hold:

(1) if (H,Y) is an anti-hesitant fuzzy soft UP-subalgebra (resp., anti-
hesitant fuzzy soft UP-filter, anti-hesitant fuzzy soft UP-ideal, anti-
hesitant fuzzy soft strongly UP-ideal) of A, then (H|y, N) is an anti-
hesitant fuzzy soft UP-subalgebra (resp., anti-hesitant fuzzy soft UP-
filter, anti-hesitant fuzzy soft UP-ideal, anti-hesitant fuzzy soft strongly
UP-ideal) of A, and

(2) there exists (H|y, N) is an anti-hesitant fuzzy soft UP-subalgebra (resp.,
anti-hesitant fuzzy soft UP-filter, anti-hesitant fuzzy soft UP-ideal,
anti-hesitant fuzzy soft strongly UP-ideal) of A, but (H,Y) is not an

anti-hesitant fuzzy soft UP-subalgebra (resp., anti-hesitant fuzzy soft
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UP-filter, anti-hesitant fuzzy soft UP-ideal, anti-hesitant fuzzy soft
strongly UP-ideal) of A.

A hesitant fuzzy soft set (ﬁ, Y') over A is an anti-hesitant fuzzy soft strongly

UP-ideal of A if and only if is a constant hesitant fuzzy soft set over A.

The intersection of hesitant fuzzy strongly UP-ideals (resp., anti-hesitant
fuzzy strongly UP-ideals) of A is a hesitant fuzzy strongly UP-ideals (resp.,

an anti-hesitant fuzzy strongly UP-ideal) of A.

The union of hesitant fuzzy strongly UP-ideals (resp., anti-hesitant fuzzy
strongly UP-ideals) of A is a hesitant fuzzy strongly UP-ideals (resp., an

anti-hesitant fuzzy strongly UP-ideal) of A.

The hesitant intersection of hesitant fuzzy UP-subalgebras (resp., hesi-
tant fuzzy UP-filters, hesitant fuzzy UP-ideals, hesitant fuzzy strongly UP-
ideals, anti-hesitant fuzzy strongly UP-ideals) of A is a hesitant fuzzy UP-
subalgebra (resp., a hesitant fuzzy UP-filter, a hesitant fuzzy UP-ideal, a
hesitant fuzzy strongly UP-ideal, an anti-hesitant fuzzy strongly UP-ideal)
of A.

The hesitant union of anti-hesitant fuzzy UP-subalgebras (resp., anti-he-
sitant fuzzy UP-filters, anti-hesitant fuzzy UP-ideals, anti-hesitant fuzzy
strongly UP-ideals, hesitant fuzzy strongly UP-ideals) of A is an anti-
hesitant fuzzy UP-subalgebra (resp., an anti-hesitant fuzzy UP-filters, an
anti-hesitant fuzzy UP-ideals, an anti-hesitant fuzzy strongly UP-ideals, a

hesitant fuzzy strongly UP-ideals) of A.

The restricted union of anti-hesitant fuzzy soft UP-subalgebras (resp., anti-
hesitant fuzzy UP-filters, anti-hesitant fuzzy UP-ideals, anti-hesitant fuzzy
strongly UP-ideals, hesitant fuzzy strongly UP-ideals) of A is an anti-

hesitant fuzzy soft UP-subalgebra (resp., an anti-hesitant fuzzy UP-filters,
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an anti-hesitant fuzzy UP-ideals, an anti-hesitant fuzzy strongly UP-ideals,

a hesitant fuzzy strongly UP-ideals) of A.

The union of anti-hesitant fuzzy soft UP-subalgebras (resp., anti-hesitant
fuzzy soft UP-filters, anti-hesitant fuzzy soft UP-ideals, anti-hesitant fuzzy
soft strongly UP-ideals, hesitant fuzzy soft strongly UP-ideals) of A is an
anti-hesitant fuzzy soft UP-subalgebra (resp., an anti-hesitant fuzzy soft
UP-filter, an anti-hesitant fuzzy soft UP-ideal, an anti-hesitant fuzzy soft

strongly UP-ideal, a hesitant fuzzy soft strongly UP-ideal) of A.

The intersection of hesitant fuzzy soft UP-subalgebras (resp., hesitant fuzzy
soft UP-filters, hesitant fuzzy soft UP-ideals, hesitant fuzzy soft strongly
UP-ideals, anti-hesitant fuzzy soft strongly UP-ideals) of A is a hesitant
fuzzy soft UP-subalgebra (resp., a hesitant fuzzy soft UP-filter, a hesitant
fuzzy soft UP-ideal, a hesitant fuzzy soft strongly UP-ideal, an anti-hesitant
fuzzy soft strongly UP-ideal) of A.

The extended intersection of hesitant fuzzy soft UP-subalgebras (resp., hes-
itant fuzzy soft UP-filters, hesitant fuzzy soft UP-ideals, hesitant fuzzy soft
strongly UP-ideals, anti-hesitant fuzzy soft strongly UP-ideals) of A is a
hesitant fuzzy soft UP-subalgebra (resp., a hesitant fuzzy soft UP-filter, a
hesitant fuzzy soft UP-ideal, a hesitant fuzzy soft strongly UP-ideal, an

anti-hesitant fuzzy soft strongly UP-ideal) of A.

The AND of hesitant fuzzy soft UP-subalgebras (resp., hesitant fuzzy soft
UP-filters, hesitant fuzzy soft UP-ideals, hesitant fuzzy soft strongly UP-
ideals, anti-hesitant fuzzy soft strongly UP-ideals) of A is a hesitant fuzzy
soft UP-subalgebra (resp., a hesitant fuzzy soft UP-filter, a hesitant fuzzy
soft UP-ideal, a hesitant fuzzy soft strongly UP-ideal, an anti-hesitant fuzzy
soft strongly UP-ideal) of A.
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67. The OR of anti-hesitant fuzzy soft UP-subalgebras (resp., anti-hesitant
fuzzy soft UP-filters, anti-hesitant fuzzy soft UP-ideals, anti-hesitant fuzzy
soft strongly UP-ideals, hesitant fuzzy soft strongly UP-ideals) of A is an
anti-hesitant fuzzy soft UP-subalgebra (resp., an anti-hesitant fuzzy soft
UP-filter, an anti-hesitant fuzzy soft UP-ideal, an anti-hesitant fuzzy soft

strongly UP-ideal, a hesitant fuzzy soft strongly UP-ideal) of A.
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