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ABSTRACT

The fixed point iterative procedure is one of the techniques employed to solve non-
linear equations. This theory has found applications beyond mathematics, spanning fields
such as Applied Mathematics, Biology, Chemistry, Economics, Engineering, and Game Theory.
We interest in inverstigating the fixed point and approximate iterative approaches for nonlinear
mappings. The sequence was created iteratively by a novel algorithm with an inertial technique,
and a new hybrid iterative method is also discussed in Banach spaces.

The first purpose of this dissertation is to prove that a novel algorithm with an in-
ertial approach, used to generate an iterative sequence, strongly converges to a fixed point of
a nonexpansive mapping in a real uniformly convex Banach space with a uniformly Gateaux
differentiable norm. Furthermore, zeros of accretive mappings are obtained. The proposed
algorithm has been implemented and tested via numerical simulation in MATLAB. The simu-
lation results show that the algorithm converges to the optimal configurations and shows the
effectiveness of the proposed algorithm.

The second purpose is to introduce and study a new fixed point iterative method
named Picard-SP hybrid iterative method (PSPHM for short). This new iterative process
can be seen as a hybrid of Picard and SP iterative processes. We also compare the rate of
convergence between the proposed iteration and some other iteration processes in the literature
via a numerical example. Specifically, our main result shows that PSPHM converges faster than
Noor and SP iterations in Berinde’s sense. Moreover, we also established a stable result for our
newly developed iterative process. As an application, we apply the proposed method to the
visualization of polynomiographs.

The results presented in this paper extend, unify and generalize some previous works
from the current existing literature.
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CHAPTER 1

INTRODUCTION

Let C be a nonempty closed and convex subset of a real Banach space B

with dual B*. Let J : B — 25" denote the normalized duality mapping given by
Jw) = {x e B : (v,50) = 07| = =21},

where (-,-) denotes the generalized duality pairing (see for example [21]). J is
single valued if B* is strictly convex and in what follows we denote single valued
normalized duality mapping by J. A Banach space B is said to be uniformly
convex [0, 81] if, for any sequences {v,,} and {p,,} in B with ||v,,|| = ||pnl|| =1
and n%l_r)%o |vm + om|| = 2 imply nlbgréo |Um — m|| = 0. The modulus of smoothness

ps(+) of B is the function pg : [0, +00) — [0, +00) defined by

1
pulr) = sup {5 (lo +-9ll + o = ol) ~ 130, € B ol = Lol < .

It is well known that B is uniformly smooth if and only if pBT(T) —0,as 7 — 0.
Let ¢ > 1 be a real number. A Banach space B is said to be g-uniformly smooth
if there exists a positive constant K, such that pg(7) < K,79 for any 7 > 0. It
is obvious that g-uniformly smooth Banach space must be uniformly smooth. A
mapping T : C — C is said to be L — Lipschitzian if there exists L > 0 such
that

[Tv="Tel < Lilv=ll, Vv,p €C.

T is said to be a contraction if L € [0,1) and T is said to be nonexpansive if



L =1 (see [5, 10, 18, 24, 64, 84]).

We are interested in formulating a numerical method for solving the fixed

point problem

find v € C such that v = T (v), (1.0.1)

where 7 : C — C is a nonexpansive mapping. We consider F(7) # () and
designate F(7) by the set of all fixed points of 7, which is F(7T) := {v €
Clv="T()}.

The most naive approach when looking for a fixed point of a contraction
mapping T : h — h defined on a complete metric space (h, £) has a unique fixed
point, where £ is the distance that describes the mapping 7 is the following

process, also called Banach-Picard iteration,
U1 = T (V), Ym >0, (1.0.2)

where vy € h is a starting point.

According to the Banach-Picard fixed point theorem, if 7 is a contrac-
tion, namely, T is Lipschitz continuous with modulus 0 € [0, 1), then the sequence
{vm}m>0 generated by (1.0.2) converges strongly to the unique fixed point of T

with linear convergence rate.

If T is just nonexpansive, then this statement is no longer true. To
illustrate this, it is enough to choose 7 = —Id, where Id denotes the identity
mapping, and vy # 0, in which case the Banach-Picard iteration not only fails

approach a fixed point of 7.

In order to overcome the restrictive contraction assumption on 7, Kras-
noselskii proposed in [54] to apply the Banach-Picard iteration (1.0.2) to the

operator %I d+ %T instead of 7. The Krasnoselskii-Mann iteration is written as



follows :

VUmt1 = (1 = 9m)Vm + 0T (Uy), ¥Ym >0, (1.0.3)

where {7,,} is a sequence in (0, 1). This iteration is often said to be a segmenting
Mann iteration (see [12, 16, 59]) or to be of Krasnoselskii-type (see e.g., [17,

, 32,33, 34, 35, 47]). It was found that the sequence {v,,} created by (1.0.3)
weakly converges to a fixed point of 7 under the conditions of F(7) # () and

mild assumptions imposed on {7,,} .

It turned out that a fundamental step in proving the convergence of the
iterates of (1.0.3) is to show that v,, — T (v,) — 0 as m — 400 , as it was
done by Browder and Petryshyn in [21] in the constant case 1, = n € (0,1).

The weak convergence of the iterates was then studied in various settings in

[7 ) ? ) ]

It should be noted that, even in real Hilbert spaces, all previous modifica-
tions to the Krasnoselskii-Mann method for nonexpansive mappings only provide

weak convergence; for further information, see [10].

Bot et al. [15] recently presented a new form for Manns method to
address the previously mentioned issues. Let vy be arbitrary in a real Hilbert

space H, Vm > 0,

Umt1l = NmUm + Cm (T(nmvm) S nmvm) . (104)

They proved that the iterative sequence {v,,} produced by (1.0.4) is strongly
convergent using appropriate {n,,} and {(,,} assumptions. Sequence {(,,}, also
known as the Tikhonov regularization sequence, plays a significant role in acceler-
ation (1.0.4). Dong et al. [30], Fan et al. [38], and Polyak [71] have cited several

theoretical and numerical conversations to examine strong convergence utilizing



the Tikhonov regularization algorithm.

Recent years have seen the development and introduction of additional
algorithms, such as the inertial algorithm initially presented by Polyak [71]. He
minimized a smooth convex function by use of inertial extrapolation. It is impor-
tant to note that these simple adjustments improved the efficiency and efficacy of
these algorithms. Researchers have been able to study several vital applications

after adopting this concept. For example, see [2, 0, 30, 38, 11, 57, 60, 80, 83, 85].

An operator T : D(T) € B — R(Y) C B is called accretive (see [21]) if
for all £ > 0 and for all v,p € D(T), where D(Y) denotes the domain of YT, we

have
[v—pll < lv—p+t(Tv-"Te).

Furthermore, Y is accretive if and only if for each v, p € D(YT) , there exists

j(v—p) € J(v — ) such that
(Tv—Tp,j(v—y¢)) =0

An accretive operetor Y is said to be m-accretive (see for example [21]) if R(I +
eY) = Bforall e > 0, where R(I+¢7Y) is the range of (I+e7Y). T is said to satisfy
the range condition if D(T) € R(I +eY) for all e > 0, where D(Y) is the closure
of the domain of Y. Moreover, if T is accretive [27], then Jy : R(I+7Y) — D(T),
which defined by Jy = (I +Y) " is a single-valued nonexpansive and F(Jy) =

N(T), where N(T) ={v e D(Y):0 € Yo} and F(Jy) ={v € B: Jyv =v}.

Browder [19] and Kato [52] independently introduced the accretive oper-
ators. Due to their close relation to the existence theory for nonlinear equations

of evolving in Banach spaces, the study of such mappings is very fascinating.

Under suitable Banach spaces, accretive operators play a crucial role in



many physically relevant situations that may be characterized as initial boundary

value problems as follows:

d
;£+Tu=&umﬁwm (1.0.5)

Many embedded models of evolution equations exist, including the Schrodinger,
heat, and wave equations [72]. According to Browder [19], (1.0.5) has a solution if
T is locally Lipschitzian and accretive on B. He also proved that T is m-accretive

and there is a solution to the equation below

Yp=0. (1.0.6)

Ray [72] uses the fixed point theory of Caristi [23] to elegantly and precisely
improve Browder’s conclusions. Robert and Martin [77] show that the problem

(1.0.5) is solved in the space B if T is continuous and accretive. Utilizing this

result, Martin [01] proved that if T is continuous and accretive, then T is m-
accretive.
See Browder [20] and Deimling [25] for further information on the theo-

rems for zeros of accretive operators.

One should note that, if p is independent of 7 in (1.0.5), then d—‘; =
0. Because of this, (1.0.5) simplifies to (1.0.6), which solution illustrates the
problem’s stable or equilibrium state. This in turn is tremendously fascinating
in a variety of beautiful applications, including, but not limited to, economics,
physics, and ecology. Significant efforts have been undertaken to solve (1.0.6)
when T is accretive. Researchers were interested in investigating the fixed point
and approximate iterative approaches for zeros of m-accretive mappings since T,

in general, is nonlinear and there is no known process to discover a close solution

to this equation. As a result, research in the field has flourished up to the present.



Some of the related work can be found in [$0, 88] and the references therein.

Based on the previous research, in the first part of this dissertation, the
sequence was created iteratively by a novel algorithm with an inertial technique,
and a strong convergence using the proposed algorithm is also discussed in a real
uniformly convex Banach space with Gateaux differentiable norm. In addition,
we find zeros of accretive mappings. Moreover, a numerical example is presented

to illustrate the behavior of our algorithm.

Banach [7] outlined a very basic idea of contraction mapping and proved
the well known Banach contraction principle. This result is the basis of fixed
point theory, which guarantees not only the fixed point of contraction mapping
but also the uniqueness of the fixed point. Browder [18], Gohde [11], and Kirk
[53] extended the idea of Banach and introduced new research dimensions in the

field of fixed point theory.

In the second part of this dissertation, we will denote C' to be a nonempty

closed convex subset of a real Banach space X.
Let {x,} be a bounded sequence in X. For x € X the asymptotic radius

of {z,} at x is the number r (z, {z,}) = limsup ||z — z,||. The real number
n—oo

r(C{z,}) = inf {r (z,{z,}) : x € C}

is called the asymptotic radius of {z,} relative to C' and finally the set

A(C{n}) ={z € Cir(z{wn}) =7 (C{zn})},

is called the asymptotic center of {x,} relative to C. It has been proven by
Edelstein [35] that, for a nonempty, closed, and convex subset of a uniformly

convex Banach space and for each bounded sequence {z,}, the set A (C,{x,}) is



a singleton.

Following Banach’s work in 1922, various schemes for approximating
fixed points of contractive maps emerged. We will mention a few works directly

related to the proposed scheme.

In 1953, Mann [59] defined the following one step iteration process for

sequence {z,}

Tpr1 = (1 —ap)xy + anTxn, n > 1, (1.0.7)

where the sequence {a,, } belongs to (0,1). Mann showed that after taking a,, = 1
in (1.0.7), it converts into Picard’s iterative process. Thus they claim that Mann

iteration is generalization of Picard iteration process.

Ishikawa [15] extended Mann’s result by introducing the two-step itera-

tive scheme: x; € C,

Tnt1 = (1 —ap)xn + @y Tyn, n > 1, (1.0.8)

where {a,} and {f,} € [0,1). The goal was to achieve convergence for Lip-
schitzian pseudo-contractive maps where the Mann iterative algorithm fails to
converge. If 5, = 0 for all n > 1 in equation (1.0.8), the Ishikawa iterative

scheme reduces to the Mann iterative scheme (1.0.7).

In 2000, Noor [63] introduced a three-step iterative scheme (also known
as the Noor Iteration). This scheme extends the results of Banach [7], Mann [59)],

and Ishikawa [18]. The scheme is defined as follows: ¢; € C,

Un = (1 =)t + 1 Tty,



tnr1 = (1 —ap)ty + anTup, n > 1, (1.0.9)

where {a,}, {8,} and {v,} € [0,1). Similarly, if 4,, = 0 for all n > 1, then (1.0.9)

reduces to (1.0.8).

In 2011, Phuengrattana and Suantai [70] introduced the following new

three-step iteration process known as the SP-iteration: u; € C,

Wy, = (1 = Y )tp + YT Uy,
Un = (1 = Bp)wn + BnTwy,

Upr1 = (1 —ap)v, + ayTv,, n > 1, (1.0.10)

where {a,}, {8.}, and {7, } are in (0,1).

In 2019, Kanayo Stella and Husdson (see [30]) gave the idea of a hy-
brid iteration process called Picard—Noor iteration process, which generates the

sequence {z,} given as: z; € C,

Wy, = (1 = V) Zn + T Tp,
Zn = (]- - Bn)xn + 5nTwn7
Yn = (]- — an)xn + OénTZn,

Tyl = TYn, n>1, (1.0.11)

where {a,}, {Bn}, and {7,} are in (0,1).

The hybrid iterative scheme (1.0.11) motivate us to introduce a new
fixed point iterative method, named Picard-SP hybrid iterative method (PSPHM

for short). This new iterative process can be seen as a hybrid of Picard and SP



iterative processes (1.0.10), respectively. The scheme is defined as follow: z; € C,

Un = (1 —ap)zn + o, Tz,

Tpg1 = TYn, n > 1, (1.0.12)

where {a,}, {8.}, and {7,} are in (0,1).

We show that our Picard-SP hybrid method (1.0.12) gives faster rate
of convergence than existing iterative processes (1.0.9) and (1.0.10). We show
this by comparison tables using the MATLAB programming. Moreover, we also
show that our iteration (1.0.12) is T-Stable. Furthermore, we show the use of the

proposed method to generate polynomiographs.

As reviewed, it is therefore the main objectives in this dissertation to
introduce and study two type of iterative procedures for given mappings in Banach
spaces. Furthermore, we then establish strong convergence theorems under some
mild conditions in Banach spaces. And finally, we also present some examples,
using MATHLAB programing. We have also given a graphical representation for

this.

The results presented here extend and improve some related results in

the literature.



CHAPTER II

PRELIMINARIES

2.1 Metric spaces and Banach spaces

Now, we recall some well known concepts and results.

Definition 2.1.1. [75] A metric space is a pair (X, d), where X is a set and d
is a metric on X (or distance function on X), that, a real valued function defined

on X x X such that for all z,y, z € X we have:

= 0 if and only if z = v,

)
) = d(y, =) (symmetry),
) < d(x,z) 4+ d(z,y) (triangle inequality).

Definition 2.1.2. [55] A sequence {z,} in a metric space X = (X, d) is said to

be convergent if there is an x € X such that

lim d(z,,z) =0

n—0o0

x is called the limit of {z,} and we write

lim x, =2 or, simple z, =«
n—0o0

we say that {z,} converges to z. If {z,} is not convergent, it is said to be

divergent.

Definition 2.1.3. [75] A sequence (z,) in a metric space X = (X, d) is said to
be Cauchy if for every ¢ > 0 there is an N(e¢) € N such that d(z,,,z,) < € for

every m,n > N(e).

Definition 2.1.4. [55] A metric space (X,d) is said to be complete if every

Cauchy sequence in X converges.
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Definition 2.1.5. [55] Every convergent sequence in a matric space is a Cauchy

sequemnce.

Theorem 2.1.6 [02] Let {x,} be a sequence in R. If every subsequence {x,, } of

{z,} has a convergent subsequence, then {x,} is convergent.

Definition 2.1.7. [62] Let X be a matric space and A be any nonempty subset
of X. For each = in X, the distance d(z, A) from x to A is inf{d(z,y)|ly € A}.

Definition 2.1.8. [02] Let X be a linear space (or vector space). A norm on X
is a real-valued function || - || on X such that the following conditions are satisfied
by all members x and y of X and each scalar «:

(1) |||l > 0 and ||z|| = 0 if and only if z =0,

(2) llazl] = lafll«],

(3) lz + yll < ll=[l + lly]| (triangle inequality).

The ordered pair (X, || - ||) is called a normed space or normed vector space or

normed linear space.

Definition 2.1.9. [62] Let X be normed space. The metric induced by the norm
of X is the metric d on X defined by the formula d(z,y) = ||[z—y|| for all z,y € X.

The norm topology of X is the topology obtained from this metric.

Definition 2.1.10. [62] A Banach norm or complete norm is a norm that induces
a complete metric. A normed space is a Banach space or B-space or complete

normed space if its norm is a Banach norm.

A real normed linear space B is said to have a Gateaux differentiable

norm if the limit

i 1070l = 0l

T—00 T

exists for all v, p € N, where X denotes the unit sphere of B (i.e., X = {v € B : ||v| = 1}),

in this case B is called smooth. It is also said to be uniformly smooth if the limit
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is attained uniformly for v, p € N, and B is said to have a uniformly Gateaux

differentiable norm.

If B is smooth, it is clear that every duality mapping on B is a single-
valued mapping. If B has a uniformly Gateaux differentiable norm, then the

duality mapping is norm-to-weak™® uniformly continuous on bounded subsets of

B.

Let A be a nonempty, closed, convex and bounded subset of a real Banach
space B and the diameter of A defined by d(A) = sup {||v — gl|,v, p € A}. The
Chebyshev radius of A given by w (A) = inf {w (v, p),v € A}, where v € A,

UJ(’U,A) = Sup{”” - p”a OAS A} :
Bynum [22] proposed the normal structural coefficient N(B) of B as follows:

N(B):inf{%:d(A)>O}.

If N(B) > 1, then B has a uniform normal structure.

Every space with a uniform normal structure is reflexive, which means
that all uniformly convex and uniformly smooth Banach spaces have a uniform

normal structure. See [21, 56] for more details.

Let now state some definitions and lemmas that will be useful in the

coming theories.

Lemma 2.1.11 ([39]) Suppose that B is a real uniformly convex Banach space.
For arbitrary u > 0, R, (0) = {v e B: ||v]] <u} and a € [0,1]. Then there is a

continuous strictly increasing convex function r : [0,2u] — R, r(0) = 0 such that

lav + (1 = a)pl* < allol* + (1 = a)llp|* — a(l = a)r([[v = pl)).



13

Lemma 2.1.12 ([28]) Suppose that B is a real normed linear space. Then for

any v, p € B, j(v+ p) € J(v+ p), we have the following inequality holds
o+ ol < [Jol|* + 2(p, (v + p))-

Lemma 2.1.13 ([18]) Let B be a uniformly convex Banach space and A a nonempty,
closed and conver subset of B. Suppose that T : A — A is a nonexpansive map-
ping with a fized points. Let {v,,} be a sequence in A such that v,, — v and

Uy — TV —> . Then v — Tv = p.

Lemma 2.1.14 ([50]) Let B be a Banach space with uniform normal structure
and A a nonempty bounded subset of B. Suppose that T : A — A is a uniformly
L-Lipschitzian mapping with L < N (B)%. If there is a nonempty bounded closed

convez subset R of A with the property (D), that is,
vER=w, (v) €ER,

then T has a fized point in A.
Note that w,,(v) = {p € B: y = weak w — limT™v,3 n; — oo} here is

the w-limit set of T at v.

Lemma 2.1.15 ([81]) Suppose that (v, v1,ve, ...) € ls, is S0 that 6,0, < 0 for

all Banach limits 6. If imsup (041 — o) < 0, then limsup v, < 0.

m—ro0 m—ro0

Lemma 2.1.16 ([89]) Let {e,n} be a sequence of non-negative real numbers such

that

emi1 < (1 —cpm) em + CnOm + Ty, m > 1.

If
(i) {em} € 10,1], > ¢ = 00, limsup o, < 0,

m— 00

(ii) for each m > 0, mp, > 0,> m, < 00,



14

then lim e,, = 0.
m—0o0

Lemma 2.1.17 [1] Let {x,} be a sequence of positive real numbers which satisfies:

Tpr1 < (1 — pp)xn, n>1.

If {pn} € (0,1) and Zl,un = 00, then nh_g)lo Z, = 0.
Lemma 2.1.18 [87] Let {a,} and {b,} be non-negative real sequences satisfying
the following inequality.

Ap+1 S (1 - Cn)an + bnu

o0 bn
where ¢, € (0,1), Vn € N, ch:oo and — — 0 asn — oco. Then lim a, = 0.
n=0

Cn, n—00

2.2 Rate of convergance and T-stable

Let {z,} and {y,} be two fixed point iteration processes that converge to a fixed
point p of a given operator 7. The sequence {x,} is better than {y,} in the sense

of Rhoades [73] if

[z = DIl < llyn — pll
for all n € N. The definitions presented by Berinde [12] are as follows:

Definition 2.2.1. [12] Let {u,} and {v,} be two sequences of real numbers
converging to u and v, respectively. The sequence {u,} is said to converge faster

than {v,} if

lim |22 =0,
Definition 2.2.2. [12] Let {z,} and {y,} be two fixed point iteration processes

that converge to a certain fixed point p of a given operator T. Suppose that the
error estimates

|z, — p|| < uy, for all n € N,
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v — p|| < v, for all n € N,

are available, where {u,} and {v,} are two sequences of positive numbers con-

verging to zero. If {u,} converges faster than {v,}, then {z,} converges faster

than {y,} to p.

Several authors have presented the comparison of rate of convergence of

various iterative processes (one can see [3, 11, 13, 11, 25,26, 29, 4373, 76, 90]).

Definition 2.2.3. [12] Let 7,7 : C'— C be two operators. We say that 7" is an

approximate operator for 7' if, for a fixed ¢ > 0 we have

HTQ:—TEEH < €.

After the advent of computational mathematics, the iterative aspects
of fixed point theory gained unprecedented attention. Following the discussion
above, mathematicians recognized the importance of assessing the stability of
methods used to approximate fixed points of operators before applying them. In
1967, Ostrowski [67] introduced the pioneering result on T-stability. Following
Ostrowskis pioneering result, subsequent researchers made significant contribu-
tions to the study of stability. Notably, Harder and Hicks [15] in 1988 and Rhoades
[74, 75]. In addition to Ostrowskis work, other notable contributions on stability
came from Osilike [65] in 1995, Osilike and Udemene [66]in 1999, and Berinde [10]
in 2002. These researchers provided clear explanations of stability concepts and
introduced simpler approaches compared to Harder and Hicks [15]. The following

definition is credited to Harder and Hicks [15].

Definition 2.2.4. [10] Let X be a Banach space and, T : X — X a self map,

xo € X and the iteration procedure defined by

Tpir =f(T,2,), n=0,1,2,... (2.2.1)
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such that the generated sequence {x,} converges to a fixed point p of T Let {y,}

be an arbitrary sequence in X and the set

€n = Hyn+1 - f(T7 yn)H

for n = 0,1,2,..., then the iteration process (2.2.1) is said to be T-stable or

stable with respect to T if and only if lim €, = 0 implies lim y, = p
n—o0 n—oo



CHAPTER I11

MAIN RESULTS

3.1 A novel algorithm with an inertial technique for fixed points of

nonexpansive mappings in Banach spaces

In this section, we summarize notations and lemmas which play significant role

in convergence analysis of our algorithm.

Theorem 3.1.1 Let C be a nonempty closed convex subset of a real uniformly
conver Banach space B which has uniformly Gateaux differentiable norm and
T : C — C a nonexpansive mapping such that F(T) # 0. Consider that the fol-
lowing assumptions hold: 3

(i) lim & = 0, lim o, =0, D om = 00, &nom € (0,1),pn €
1] © (0,1), . "

(ii) T >0, Vm € N and Z?Tm < 00.

m=1

For arbitrary vo,v, € C. Let {v,,} be the sequence generated by

hm = Uy + Ty, (Um - Um—l)a
Um+41 = (1 — Pm )wm + mequ)ma m > 1.

Then {v,,} converges strongly to a point in F(T).

Proof. Let d € F(T). Setting ©,, = (1 — 0y) . Using (3.1.1), we have

[omi1 = dll = [[(1 = pm) (. = d) + pn(Ttm — d) |

§ (1 — Pm )||¢m - dH + pm||T¢m - d”
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= (1= o )[[¢om = dll + pil[ T o — d]|

< (0= o )[$m = dl| + pmllm — d|

= [[tom —d|

= [[(1 = &n )om —d||

= [[(1 = &m )(om — d) = &nd]|

< (1 =&m)llom = dlf + &nlld]]

= (1 =&l = om)him — d|| + &mlld]|

< (1= & ) = o)l — dll + Fmlld]]) + &mlld]

= (1 =& )(A = on)llfm = dl| + (1 = &n Joml|d]] + Emlld]
< (1 =& )A —om)lfm = dll + (1 = & )]l + &nlld]]

< (1 = om)[[Fim — | + [|]]

IA

(1 = o) [[(vm — d) + 7 (Vi — V1) || + [|d]]

IA

(1= om)llvm = d]| + (1 = o) mm|[om = vm ]| + [d]

< maz{||vy, — d||, ||vm — Vm-1]]; |||}
By mathematical induction, one can obtain
[vm = d| < maz{lvy = dl], [[vr — wol|, l|d]]}-

This shows that {v,,} is bounded, so {A,}, {pm} and {¢,,} are also bounded.

By condition (iz). This implies Z Tm||[Vim — Vm—1|| < 00. Using Lemma 2.1.11,

m=1
Lemma 2.1.12 and (3.1.1), we have
o1 = dll* = [[(1 = pum) (¥m = d) + (T — )|
< (1= p)[¥m = dII* + pn T = dll* = p(1 = o) (1 T 0w — Y]]}

< (L= pa)l[¥m = dlI* + plltom = dI* = pin(L = p)r (| T = Ym)
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= [l — d|I* = pu(1 = p)r (1T — )
= [lom — dl* + 2&n{pm — d, j(m = d)) = pi(L = pu) (| T — Yimll)
< Nl = d|* + 20,0 (o — d, § (9 — ) + 26 (9 — d, j (0 — d))
= p(L = )T (1T o — o)
< N|vm — d||* + 27 (vm — d, 5 (R — d)) + 20, (B, — d, j(om — d))

+ 26 m — d, j(Ym — d)) = pm(1 = pr)T (| Tm — Pmll)-

On the other hand, one can write

(L= p)r (I T = Ymll) < llom — dll* = lJvmsr — dI* + 2w v — d, (B — d))

+ 20m<hm - d?](pm 3 d)> + 2€m<@m - daj(d}m - d))
(3.1.2)

The boundedness of {v,,}, {fn.}, {m} and {1, } leads to there are constants

A1, Ao, A3 > 0 so that for all m > 1,

<Um u daj(hm -y d)) < A17 <hm ~ dJ(@m — d)> < A2> <@m - d>j(¢m - d)> < As.
(3.1.3)

Applying (3.1.3) in (3.1.2), we have

Pm(L = o) ([| TYm — VYmll) < ||vm — d”2 e d”2 + 21 Ay + 20 Mg + 26, A3.
(3.1.4)

This implies that {v,,} converges to d. We consider the following cases in order

to achieve strong convergence:
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Case (a). If the sequence {||v,, — d||} is monotonically decreasing, then {||v,, — d||}

is convergent. We see that
[vms1 = dl* = [[vm — dlI* = 0
as m — 0o0. By (3.1.4), we have
pm(L = o )T (| TWm — o) = 0.
Using the property of r and p,, € [ll, lg] C (0,1), we have
[T — tm|| = 0. (3.1.5)
Combining (3.1.1) and (3.1.5), we find that
[Vms1 = Ymll = P (Tm — tbm) — 0. (3.1.6)
Using (3.1.1) and condition (i), we have
[¥m = omll = &mllpmll — 0. (3.1.7)
From (3.1.1) and condition (i) we get
| 0m — Fimll = T|Fim || — 0. (3.1.8)
It follows from (3.1.7) and (3.1.8) that

[¥m = | < 1Um = @mll + [[om — Amll = 0. (3.1.9)
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o
From Z Tm|[Vim — Vm—1|| < 00, we get

m=1

1 — vl = T ||vm — Vm—1|| — 0. (3.1.10)
Based on (3.1.9) and (3.1.10), we can write
|Ym — vl < |Ym — Bml| + ||Bm — vm|| = 0. (3.1.11)
Using (3.1.6) and (3.1.11), we have
[vmt1 = Omll < msr = Dl + [[om = vmll =0 as m — oco.
Using (3.1.5), (3.1.9) and (3.1.10), we have

[T 0m = Vil < TV = TYmll + | TVm — Yl + |vm — Y|

S 2(”¢m - hm“ + ||hm 1 Um”) + ||T1/}m - 77Z)m|| — 0.

Since {v,,} is bounded, there exists a subsequence {v,,,} C {v,} such that it

converges weakly to d € B. In addition, using Lemma 2.1.13, we have d € F(T).

Now, we prove that

lim sup(—d, j(pm — d)) < 0.

m—0oQ
Suppose that x : B — R is given by
X(0) = 0l om — v||>, Vv € B.

Then, x(v) — 0o as ||v]| — oo, x is convex and continuous. Since B is reflexive,
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then there exists p* € B such that x(p*) = rnilrgl x(a). Hence, the set R # ()
ae

where
R = {v eB:x(v) = I;lelllglx(a)} :

It following from lim |7 %, — ¥l =0 and lim ||y, — @] = 0 that
m—00 m—00

1T om = omll < N Tom = Tmll + [|T¢%m — bl + 1Um — o
S ”pm i 77ZJm|| + ||T¢m - 2,bm” + H@/}m - pm”

— 0 (as m — oc0).

Since lim || 7 @m—@m|| = 0. It follows from induction that lim ||7"@,—@ml =0
m—r0o0 m—0o0
for all n > 1. Thus, using Lemma 2.1.14, if v € R and p = w — lim 7™ v, then
j—oo

from weak lower semicontinuity of y and lim ||7 @, — @m|| = 0. Then we get
m—0o0

x(p) < liminf x(7™v) < limsup x(7™v)

J—o0 n—00

= lim sup (& || @m — T"v||?)

n—00

= limsup(S,ul|m — Tm + T om — T"0||?)

n—o0

< lim sup (0, || T om — 7-%”2)

n—oo

< lim sup(d,, || m — U||2) = x(v) = inf x(a).

n—00 a€B

Hence, p* € R. Tt follows from Lemma 2.1.14 that 7 has a fixed point in E)Ei,
and so RN F (T) # (0. Without losing the general case, as a particular instance,
suppose that p* = d € RN F(T). Consider 7 € (0,1). Then it is easy to see that

x(d) < x(d — 7d) with the helping of Lemma 2.1.12, we have

lom — d+7d||* < llpm — d* + 27(d. j(pm — d + 7d)).
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By the properties of x, we can write

GoX(d=rd) < 5i (d) +27(d, j(pm — d + 7d)).

By arranging the above inequality, we have

276, (—d, j(pm — d + 7d)) < x(d) — x(d — 7d) < 0.

This leads to
Om(—d, j(pm —d+7d)) < 0.

In addition,

Om(—d, j(om — d)) < 6m(—d, j(9m — d) = j(m — d +7d)) + 6 (—d, j(9m — d + 7d))

< Om{—d, j(pm — d) — j(pm — d+ 7d)). (3.1.12)

Since the normalized duality mapping is norm-to-weak™® uniformly continuous on

bounded subsets of B, we have, as 7 — 0 and for fixed n,
(=d, j(pm — d) = j(pm — d+ 7d))

S <_d7j(pm - d)> - <_d7j(pm B d+ Td)) — 0.

Thus, for each € > 0, there is ¢. > 0 such that for all 7 € (0,¢.),
(—d, j(pm — d)) — (=d, j(pm —d+ 7d)) <€

Thus,
Om(—=d, j(om — d)) = om{=d, j(pm —d+7d)) <€
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Since € is an arbitrary. Using (3.1.8), we obtain

Om (—=d, j(m — d)) < 0.

By triangle inequality, we have

Hpm-&-l - pm“ < H@m-&-l - hm+1|| + ”hm—i—l - Um-H” + ||Um+1 - 7»bmH + ||¢m - pm”

Using (3.1.4), (3.1.5), (3.1.6) and (3.1.8), we have

n%g%o |om+1 — pml| = 0.

Again, since the normalized duality mapping is norm-to-weak™ uniformly contin-

uous on bounded subsets of B, we have

lim ((~d, j(pm — d)) — (~d, j(pmr — d))) = 0.

m—00

Using Lemma 2.1.15, we have

lim sup(—d, j(pm — d)) < 0.

From (3.1.1) we obtain
Ym = (1 = &m)pm
= (1= &)1 = om)hm
< (1= o0m)hm.

Thus



25

[ = dl* < (1 = o) i — d”

< (1 = o) (A — d) —adeQ. (3.1.13)
Since

lom — dlI* = (1 — o) (A — d) — owmd|®,

using (3.1.1), (3.1.13), Lemma 2.1.12 and i T ||[Vm — Vm—1]| < 00, we have
m=1
o1 = dll* = (X = pin) (¥ — ) + pi (Tt — )|
< (@ = pu)lltm = dlI* + pun| TV — d®
< [¢m —d|*
<11 = o) (e, — d) = oad]?
= (1~ o) |fim — d|* + 207, (~d, j(pm — d))
< (1= o) l(m = &) + T (v = V1) |* + 205 (—d, j(pm — d))
< (L= om)llvm = dlI* + 2 (Vi = Vi1, 5 (i — ) + 200 (—d, (9 — d))

= (1 —0p)|[vm — d||* + 20 (—d, j(pm — d)). (3.1.14)

Applying Lemma 2.1.16, we conclude that {v,,} converges strongly to d.

Case (b) Suppose the sequence {||v,, —d||} is not monotonically decreasing. Let

Zpn = ||vm — d||”. Suppose that IT: N — N is defined by
II(m) =max{h e N:h<m, Z, < Zp1}.

Obviously, II is a non-decreasing sequence so that lim II(m) = oo and Sy <
mM—r00
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En(m)+1 for m > my (for some my large enough ). Using (3.1.4), we have

o1y (1= 211y ) (T =1 1) < oy = 1P = oy = I + 27y
+ 2011(m)A2 + 28n1,,,, A3
= Zn1(m) — Enm)+1 T 27n(m) A1 + 2011(m) A2
+ 28m,, As
< 27mi(my A1 + 20m1(m) A2 + 28n,,, As

— 0 as m — oo.
In addition, we get
| T Yrim) — Yy || = 0 as m — oo.

Using the same circumstances as in Case (a), we can show that vy, — d as

II(m) — oo and limsup(—d, j(prmm) — d)) < 0. For all m > my, we obtain by

II(m)—o0
(3.1.14) that
1

2

2
-wmw—d

OSHWWH—d Sammkkiﬂmmrﬁ%wmw—d

This implies that

2
< 2(=d, j(pumm) — d)).

Hmw—d

Since limsup(—d, j(pmnm) — d)) < 0, taking the limit as m — oo in the above
II(m)—oc0

inequality, we have

2

lim (o) —d|| = 0.
m—0o0
Thus
i B = iy Zrn1 =0

Moreover, for all m > my, it is easy to notice that Z,, < ZEpgn)41 if m # II(m),
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that is, II(m) < m, since =; > =Z;4; for II(m) +1 < i < m. As a result, for all

m > mg, we get

0<

[1]

m < Maz{Zn(m), Enem)+1} = S0m)+1-

Hence, lim Z,, = 0. This concludes that {v,,} converges strongly to a point d.
m—r0o0

This finishes the proof. n

Since every uniformly convex Banach space has a uniformly Gateaux
differentiable norm, our theorem can be stated in a uniformly convex Banach
space, which is also uniformly smooth. Therefore, we can also obtain the following

result without proof.

Corollary 3.1.2 Let C be a nonempty closed convex subset of a real uniformly
convex Banach space B which is also uniformly smooth and T : C — C a nonez-
pansive mapping such that F(T) # 0. Let {v,,} be a sequence generated iteratively

by (5.1.1). Then {v,,} converges strongly to a point in F(T).

In the remainder of this section, we prove the following theorem for find-

ing zeros of accretive mappings.

Theorem 3.1.3 Let C be a nonempty closed convex subset of a real uniformly
convex Banach space B which has uniformly Gateauz differentiable norm and
T :C — C a continuous and accretive mapping such that N(T) # (). For arbitrary

vo,v1 € U, let {vy,} be the sequence generated by

hm = Uy + T (Um - Umfl)7

Uy = (1 - 5m) (1 - Um) I

\Um—i-l = (1 — Pm )djm +pmJT¢m7 m > 17
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where Jy = (I + YT)~t. Consider that the following assumptions hold:

(Z) W{I_{I(l)ofm = O,T}Ll_fgoam = Ovzla—m = 0075m70—m € (071)>pm €
[, 1] € (0,1),

(it) mm >0, Ym € N and Zﬂ'm < 00.

m=1

Then {v,,} converges strongly to a point in N(T).

Proof. According to the results of Martin [20, 61, 77] and Cioranescu [27], T is m-
accretive. This implies that Jy = (I + Y) ™" is nonexpansive and F(Jy) = N(T).
Setting Jy = 7 in Theorem 3.1.1. Using the same approach going forward, we

obtain the desired result. O

Using the following experiment, we examine the algorithm’s behavior
3.1.1 for approximating the fixed point. We show the convergence results dis-

cussed in this study graphically and with a table of numerical values.

Example 3.1.4 Consider that a fized point problem taken from [79] in which
B = R through the usual real number space R with the usual norm. A mapping

T : B — B is defined by
T (v) = (5v* — 2v + 48)%,%) €A,

where A = {v:0 < v < 50}.
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Ezxperiment 1. For the control parameter &, = o, = m in this

experiment, we used several values for k =1,2,3,5,10. Consider p,, = 0.80,vy =

v = 10, 7, = ﬁ and Dy, = ||V — V1]
k  number of iteration (n) elapsed time
1 449 0.013728
2 319 0.011591
3 262 0.021587
) 204 0.024854
10 145 0.036621

1

Table 3.1.1: The sequence generated by algorithm (3.1) while &, = 0, = )

and elapsed time for the indicated values of n.

1 —— Algorithm (3.1) k — 1
—— Algorithm (3.1) k =2
107 Algorithm (3.1) k=3
— Algowrithm (3.1) k=3

—— Algorithm (3.1) k= 10

L | L ; | n
0 50 100 150 200 250 300 350 400 450
Number of iterations

Figure 3.1.1: The convergence of algorithm (3.1) while &, = o, = and the number

of iteration are 449, 319, 262, 204, 145.

1
(km+2)
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Ezperiment 2. We use several values for k = 0.15,0.35,0.55,0.75,0.95

for the control parameter p,, = k. Also, consider &,, = o,, = m, vg = v; = 10,
T = ﬁ and Dy, = ||V — U1 |-
kE  number of iteration (n) elapsed time

0.15 897 0.026490

0.35 557 0.019869

0.55 419 0.024898

0.75 336 0.028761

0.95 276 0.022688

Table 3.1.2: The sequence generated by algorithm (3.1) while p,,, = k and elapsed
time for the indicated values of n.

—— Algorithm (3.1) k= 0.15 |
— Algorithm ¢(3.1) k = 0.35 |

Algorithm (3.1) k = 0.55 |
—— Algorithm (3.1) k = 0.75 ]
—— Algorithm (3.1) k= 0.95 1

102

1073

1 I h h | | N
o 100 200 300 400 500 500 700 800 900
Number of iterations

Figure 3.1.2: The convergence of algorithm (3.1) while p,, = k and the number of iteration
are 897, 557, 419, 336, 276.
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Symmetry considerations can be related to signal processing, especially
when signals satisfy certain symmetries. Now, we focus on applying algorithm
(3.1.1) to signal recovery problems. In signal processing, compressed sensing can

be modeled as the following under determined linear equation system:
y=Av+v,

where v € R" is the original signal with n components to be recovered, v,y € R™
are noise and the observed signal with noise for m components, respectively,
and A € R™*" is a degraded matrix. Finding the solutions of the previous
underdetermined linear equation system can be viewed as solving the LASSO
problem:

1 )
min oy — Avlz + Aflvll,

where A > 0. Various techniques and iterative schemes have been developed
to solve the LASSO problem. Our method for solving the LASSO problem can
be applied by setting Tv = prox,, (v — pV f(v)), where f(v) = |ly — Avl[3/2,
9(v) = Av]lr, and Vf(v) = AT(Av —y).

A straightforward observation confirms the satisfaction of all conditions
in 3.1.1 Next, we conduct experiments to showcase the convergence and effec-
tiveness of the proposed algorithm in recovering the k-sparse signal v recovery

problem with & = 70, 35, 18, 9.
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Figure 3.1.3: The k-sparse signal with k& = 70, 35, 18,9, respectively.

A signal of size n = 1024 elements, generated uniformly within the interval [—2, 2],
is utilized to produce observation signals y, = Avy, + v, where m = 512 (see on

Figure 3.1.4).

Figure 3.1.4: Degraded of k-sparse signal with k = 70, 35, 18,9, respectively.
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The white Gaussian noise v is depicted in Figure 3.1.5.

Figure 3.1.5: Noise Signal v.

The process starts with randomly selected initial signal data vy and vy, each

comprising n = 1024 randomly chosen elements (see Figure 3.1.6).

Figure 3.1.6: Initial Signals vy and v;.

In addressing the challenge of recovering k-sparse signals, we reconstructed the
observed signals depicted in Figure 3.1.4 to obtain the k-nonzero signal shown
in Figure 3.1.3. Throughout this recovery process, we carefully considered the
optimal regularization parameter, denoted as A, to maximize the Signal-to-Noise
Ratio (SNR). The performance of the proposed method at m' iteration is mea-
sured quantitatively by means of the signal-to-noise ratio (SNR), which is defined

by

SNR(v,,) = 201og;, <—“Um”2 > ,

[vm = vll2

where v,, is the recovered signal at the m‘* iteration using the proposed method.
The SNR quality influenced by the regularization parameter A within the range

[5,75], are visualized in Figure 3.1.7.
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Figure 3.1.7: The plots of best SNR quality of the proposed method effected with regularize
parameter A during 1,000 iterations.

The most recent figure illustrates that the proposed algorithms can solve the
sparse signal recovery challlenge. Moreover, we present the evolution of the (SNR)
and relative error plot using max-norm over the number of iterations during the
recovery of k-sparse signals with k = 70, 35,18,9. This is done while identifying

the optimal regularization parameter, denoted as A, to achieve the highest SNR

quality, as illustrated in the figure above.

T T T T T T
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3 3
o o
@ 30 o
z z
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Figure 3.1.8: The SNR and relative error norm plots of the proposed algorithm effected with
the optimal regularize parameter A in recovering the observed sparse signal.
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Notably, the plot of the signal’s relative error exhibits a continuous decrease until
it reaches convergence to a constant value. In the SNR quality plot, it is evident
that the SNR value progressively rises until it stabilizes at a constant value.
Additionally, the last figure demonstrate the best recovery of k-sparse signals
with & = 70,35, 18,9 during 400 iterations using the proposed algorithm along

with its optimal regularization parameter \.

Figure 3.1.9: The best recovering of k-sparse signals with with k& = 70, 35, 18,9, respectively
being used the proposed algorithm during 400" iterations.

Based on these findings, it can be inferred that the proposed algorithm success-
fully enhances the quality of the recovered signal in solving the signal recovery

problem.

3.2 Convergence and stability results of the Picard-SP hybrid itera-

tive process with applications

In this section, we are now ready to prove the theorem of strong convergence of
a Picard-SP hybrid iterative method (PSPHM) to a fixed point for a contraction

mapping in a Banach space. We will also show that PSPHM is stable. And
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finally, we shall prove that PSPHM gives the faster rate of convergence than the
earlier existing schemes. In addition, we also present an example using MATLAB

programing. We have also given a graphical representation for this.

Theorem 3.2.1 Let C' be a nonempty closed convex subset of a Banach space X
and T : C'— C be a contraction mapping. Let {x,} be the sequence generated by
(1.0.12) with real sequences {cu,}, {Bn} and {v,} in (0,1) satisfying Z Y = O0.

n=1

Then {x,} converges strongly to a unique fized point of T.

Proof. We know that a unique p € F/(T) exists (by Banach contraction theorem).

We will prove that x,, — p as n — oco. Using (1.0.12) we have

lwn = pll = 11 = yn)zn + T 2n = pll

IN

(1- '771)”1771 - pH + 7n||Txn w Tp||
< (1 =v)llzn — pll + bl|lzn — pll

= (1 = (1 = 0))llzn = pl| (3.2.1)

Using (3.2.1), we have

Iz = pll = [[(1 = Bn)wn + BnTwn — p
< (1= Bu)llwn = pll + BullTwn — T
< (1= Bn)llwn = pll + Bufllwn — p
< (1= Bn)llwn = pll + Bullwn — pl|

= [lwn = pll

IN

(1 =71 = 0)|lzn — pl|- (3.2.2)

From (3.2.2), we obtain

lyn = Pl = [[(1 = an)zn + Tz, = p|
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< (1= an)llzn —pll + anl| T2, — Tp||
< (1= an)llz0 = pll + @bl 20 — pll
< (1 —an)l20 = pll + anllzn — pll

= ||z — pll

< (1 = an(l o 0))Hxn - p” (323)
By (3.2.3), we have

[#n+1 = Pl = [[Tyn — pl]
= || Tyn — Tp||

< (1=l = 0))llwn — pll (3.2.4)

Let p, = v,(1 — 0). We observe that u, < 1. Since Z'yn = oo, using Lemma
n=1

2.1.17, we obtain lim ||z, — p|| = 0. So, x,, — p as n — oo. This completes the
n—oo

proof. O

Now, we prove the stability of our iteration process (1.0.12).

Theorem 3.2.2 Let C' be a nonempty closed convex subset of a Banach space X

and T : C'— C be a contraction mapping. Let {x,} be the sequence generated by

(1.0.12) with real sequences {cu,}, {Bn} and {v,} in (0,1) satisfying Z% = 0.
n=1

Then the iterative process (1.0.12) is T-stable.

Proof. Suppose (1.0.12) generate the sequence x, 1 = f(7,x,) which converges
to a unique z* € F(T) (by Theorem 3.2.1). Let {¢,} be any sequence in C' and

€n = |[tns1 — f(T,t,)]|. We will show that lim €, =0 < lim ¢, = 2.

n—oo n—oo
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Let lim ¢, = 0. By using (3.2.4) we get

n—oo

[tn1 = 2" < [tngr = f(T )l + (1 (T tn) — 2|

<eén+ (1=l =0)[tn — 27|

Define a,, = ||t, — 2*||, ¢, = W(l —0) € (0,1) and b, = €,, Vn € N which
implies that g—z — 0 as n — oo. Thus by the conditions of Lemma 2.1.18 we get
lim ¢, = x*.

n—oo

Conversely, letting lim ¢, = z*, we have
n—ro0

€n = “tn—f—l v (i tn)”
< [t = =% + | f(T, tn) — 27|

< ltnsr =27 + (1 =X = 0)[[tn — 27|

This implies that lim ¢, = 0. Hence, (1.0.12) is T-stable. The proof is completed.

n—o0

]

In the remainder of this section, we prove that (1.0.12) converges faster

than (1.0.9) and (1.0.10) in Berindes sense.

Theorem 3.2.3 Let C be a nonempty closed convexr subset of a Banach space
X and T : C — C be a contraction mapping. Suppose that each of the iterative
processes (1.0.9), (1.0.10) and (1.0.12) converge to the same fized point p of
T, where {ay,}, {B.} and {y.} are sequences in (0,1) such that o < a,, < 1,
B < By <1landy <y, <1 for some a,3,v > 0 and for all n € N. Then the
Picard-SP hybrid iterative process (1.0.12) converges faster than all the other two

iterative processes.
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Proof. Suppose that p is the fixed point of 7. By using (1.0.12), we have

201 = pll = [[Tyn — pll
< 0llyn — 1| (3.2.5)

and

||wn - p” = H(l b '7n>xn + YL 2y _pH
< (1 =) lzn = pll + Wl Twn — Tp|
< (1 = v)llzn — pll + 1mbllzn — pll

= (1= =0))]z. —pl. (3.2.6)

In addition, using (3.2.6) and ~,(1 — #) > 0, we have |w, — p|| < ||z, — p|.

Moreover, from (3.2.6), we have

l2n = pll = 11 = Ba)uwn + BuTw, — pl|

< (1= Bo)llwn — pll + BullTwn — Tpl|

< (1= Bo)llwn = pll + Babllwn — pll
(1= Ba)llwn = pll + Bab [(1 = 30 (1 = 0))[|z, — p|]
[1= B+ Ba0(1 = 7 (1 = 0))] ||, — |

[1 = Ba(L = 0)(1 +70)]llzn — pl- (3.2.7)

I IA

In addition, using (3.2.2) and ~v,(1 — #) > 0, we have ||z, — p| < ||z, — p]|-

Moreover, from (3.2.7), we have

[y —pll = [[(1 — an)zn + Tz, — p|
< (1 = an)||lzn — pll + anl|T2, — Tl

S (1 - an>||zn _p“ + an9||zn _p“
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IA

(1= an)llzn = pll + b [1 = Bu(1 = O)(1 + 70)] |20 — pl|
[1 —ay + apf(1 = Bu(1 = 0)(1 + ’Yne))} |70 — pll

[1— a,(1=0)(1+ B.0(1 +7.0)] ||z — pl|- (3.2.8)

It follows from (3.2.5) and (3.2.8) that

@041 — pll = 1 Tyn — Dl
<01 — an(1 = 6)(1+ B,0(1 + 740)] |20 — ||

< 1= an(1 = 8)(1 + BB + 70)] 2 — pll

< [1—a(1—6)(1+ B +~0)]" a1 — p|-

Let

an = [1—a(l —0)(1+ B6(1+~0)]"||z1 — p.
Using (1.0.9), we have

[t = pll = 11— @)ty = @ Tun — pl
< (1= an)litn = pll + nblluy — pl|

< (1= an)lltn = pll + anllun — pll (3.2.9)
and

an _pH = ||(1 - 7n>tn + Tt — p”
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< (1 =) ltn = pll + 7l Ttn — Tl
< (1 =v)lltn — pll + 0t — pll

= (1= (1 = 0)[ltn — pll (3.2.10)

It follows from (3.2.10) that

lun — pll = [[(1 = Bn)tn + BrTvp — p”
(1 = Bo)lltn — pll + Bul| Ton — Tp||
1 = Bo)ltn = pll + Bnb||vn — pll

(
(1= Bu)lltn = pll + Bab[(1 = (1 = 0)) |1t — pll]
[
= [

IN N IA

IN

1= B+ Buf(1 — 1(1 = 0))]lItn — |

1= Ba(1 = 0)(1+ 78] |Itn — 1. (3.2.11)

Using (3.2.9) and (3.2.11), we have

[t —pll < (1= an)|ltn —pll + s [1 — Bu(1 = 0)(1 + 'Vne)} [t — Pl
= [1 — B, (1= 0)(1+ ’Vne)} tn — Dl
<[ =ap(1=0)(1+40)]"[[tr — pl|.

Let

by = [1—aB(1—0)(1+~0)]"|ltr — pl.

Hence

a, _ [1=a(=0)0+800 410" lzs—pll
be  [L—aB1—0)1+0)] "t — |
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Therefore, the Picard-SP hybrid iterative process (1.0.12) converges faster than
the Noor iterative process (1.0.9).
Now, for the sequence {u,} generated by (1.0.10), we have the following

Hwn —pH = H(l - Vn)un + T uy, _pH
< (1 =y llun = pl| + Yl Tup — Tp|
ENAES 'Yn)Hun — p|| + mb||lun — Dl

(1 = Y(1 = 0)lJun —pl|. (3.2.12)

In addition, using (3.2.12) and ~,(1 — 6) > 0, we have |w, — p|| < ||u, — p||.

Moreover, from (3.2.12), we have

[on = pll = [[(1 = Bp)wn + B Tw, — pl|

< (1= Ba)llwy — pll + Bul Tw, — T

< (1= Bu)llwn = pl| + Bubllwn — pll
(1= Bu)llun — pll + Baf [(1 = (1 = 6)) [ — pl]
[1 = Bn + Buf(1 — (1 — 0))] lun — pl|
= |

1= Ba(1 = 0)(1 4+ 10)] |lun — pl|- (3.2.13)

IN

In addition,

v = pll < (1 = Bn)llwn — pl| + Bnb|wn — p|
< (1= Bo)llwn = pll + Ballwn — pll
= [lw, — p|
< un — pll- (3.2.14)
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It follows from (3.2.13) and (3.2.14) that

[untr = pll = (1 = an)on — anTon = pl|

< (1= an)l[on = pll + an||Tv, = Tp||

)
< (1 = an)|lvn — pl| + anfllv, — pl|
< (1 —a)|lon —pll + O‘ne[l — Bu(1=0)(1 + ’Yng)} |un — pl|
)

< (1= an)flun = pll + o [1 = Bu(1 = 0)(1 + 740)] [lun — pl|
= [1— anfu(1 = 0)(1 + 8] lun — pll
< [1=aB(l = 0)(1 +49)]"|lus — pll-
Let
G, = [1 —af(1-0)1+ 79)}”“151 —pl.

Thus

g [1—all=6)a+ 5801 +0)]"lles — pl

= n — 0 as n — oo.
e 1= aB( =0T+ 0]l —pl

Hence {x,} converges faster than {u,} to p. That is, the Picard-SP hybrid iter-

ative process (1.0.12) converges faster than SP iterative process (1.0.10). O

In order to demonstrate the improved performance of the proposed PSPHM
(1.0.12), we consider a numerical example in which we compare our method with

the Noor (1.0.9), SP (1.0.10), and PicardNoor (1.0.11) iteration processes.

Example 3.2.4 Let C = [1,71 C X =R and T : C — C be defined by Tx =
v +6 for all x € C. Choose a,, = B, = v, = 0.9 for each n € N with initial

value xy = 5. Clearly, T is a contraction mapping and F(T) = {2}.
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The results show that each iteration scheme gets closer to the fixed point
but at various speeds. Table 3.2.1 and the graphical figure 3.2.1 representation
show that the PSPHM process (1.0.12) converges faster than all of the SP, Picard-
Noor and Noor iterative processes, which found the fixed point in 6 iterations.
The second best method is the SP iteration, which needed eight iterations, fol-
lowed by the Picard-Noor iteration. The worst convergence speed is observed for

the Noor iteration, which required 10 iterations to find the fixed point.

Step PSPHM SP Picard-Noor Noor

1

5.00000000000000

5.00000000000000

5.00000000000000

5.00000000000000

2 2.00126623535433  2.01520444639402  2.02671797466055  2.32491786957709
3 2.00000056550360  2.00008145968302  2.00024150721951  2.03524174735882
4 2.00000000025256  2.00000043657222  2.00000218331062  2.00382309861342
3 2.00000000000011  2.00000000233975  2.00000001973792  2.00041474551741
6  2.0000000000000 2.00000000001254  2.00000000017844  2.00004499339710
7 2.00000000000007  2.00000000000161  2.00000488108043
8 2.0000000000000 2.00000000000001  2.00000052952096
9 2.0000000000000 2.00000005744475
10 2.00000000623186

Table 3.2.1: The comparison of the convergence rates of the Noor (1.0.9), SP
(1.0.10), Picard—Noor (1.0.11) and PSPHM (1.0.12) iterative processes.

204 T

—e— Noor
—e—SP
Picard-Noor

—e—PSPHM

2.035 -

2,025

2,015 [

Values of sequences

2,005 [

number of iterations

Figure 3.2.1: Convergence behavior of PSPHM (1.0.12), SP (1.0.10), Picard-Noor
(1.0.11), Noor (1.0.9) iteration processes corresponding to Table 3.2.1.

Since the 1980s, the visualization patterns formed by finding polynomial
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roots have gained recognition, particularly in computer graphics, as noted in ref-
erences [H8, 82, 91]. By 2000, the term polynomiographs was coined to describe
the visuals derived from these root-finding methods, with the overarching tech-
nique being polynomiography. Kalantari first introduced these concepts [50]. He
defined polynomiography as both an art and a science that visualizes the ap-
proximations of zeros of complex polynomials by creating fractal and non-fractal
images, capitalizing on the mathematical convergence attributes of iterative func-

tions.

To create a polynomiograph, we first select a specific region in the com-
plex plane, represented as A C C. Within this region, each point zy serves as
the initial point for an iterative root-finding method, noted as R = T for (1.0.9),
(1.0.10), (1.0.11) and (1.0.12), with n ranging from 0 to M. The iteration contin-
ues until it meets predefined convergence criteria or reaches the maximum number
of iterations allowed. After the iterations conclude, we colour the initial point
(z0) using a specific colouring function. Two primary types of colouring functions

are utilized:

1. Tteration-Based Coloring: This method uses a set colour map to assign

colours based on the number of iterations completed.

2. Basins of Attraction Coloring: This method assigns a distinct colour to
each polynomial root, and the colour assigned to a point is determined by

the closest root to that point when the iterations cease.

In polynomiography, the core component of the generation algorithm is
the method used for finding roots. Numerous root-finding techniques are docu-
mented in scholarly literature. Let’s review some of these methods for a complex

polynomial p:

1) The Newton method [51]
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N(z)=2z-— %
2) The Halley method [51]
— . 2p’ (2)p(z)
H(z) =2 = iyt

3) The By method (the fourth element of the Basic Family introduced by

Kalantari [51])

. 69’ (2)2p(2)—3p" (2)p(2)?
Bu(2) = 2 = et ror (= )r @)

4) The EzzatiSaleki method (E; for short) [37]

E(2) = N(z) + p(N(2)) (p’%Z) ) Y p’(z)+§'<N<z>>> '

Visual analysis is a common technique in the contemporary examination
of root-finding methods, often utilized to evaluate the stability and convergence
of these methods (see [(9]). This approach allows for the observation of an area
rather than just a single point, providing a broader perspective on the behaviour
of the method across that area, which enhances our understanding of it. In the
context of polynomials, this type of visual analysis is known as polynomiography,

and the individual images produced are termed polynomiographs.

In this section, we visually analyze the PSPHM, SP, Noor and Picard-
Noor methods, comparing their stability and convergence against the Newton,

Halley, B4, and E, root-finding methods.

To assess stability, we employ basins of attraction (see [3]). Within these
basins, each root is assigned a unique colour, and we introduce an additional
colour (black in our case) to indicate points of divergence. This colouring scheme

provides insights into which root each starting point converges towards.
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In our analysis, we compute specific numerical metrics, among which the
convergence area index (CAI) is notably prevalent. The CAI is defined as the
proportion of starting points that successfully converged to a root relative to the

total number of points within the specified area, as discussed in [1]. The formula

for the CAI is as follows:

N
Al = =<
C -

where N, is the number of points in the polynomiograph that have converged,
and N is the overall count of points in the polynomiograph. The CAI values
range from 0 (indicating no convergence among the points) to 1 (all points have
converged). Moreover, using the polynomiograph, we can calculate an average

number of iterations (ANI) (see [39]).

We use four root-finding methods in the considered example: Newton,
Halley, B, and the E, family. And we generate polynomiographs for a cubic
polynomial ps(z) = 23 — 1, with roots: 1, —0.5000 + 0.8660: and a complex

polynomial py(2) = z* + 4, with roots: 1 4 1.

After each iteration, we proceed with the iteration process till the con-
vergence test is satisfied or the maximum number of iterations is reached. The

standard convergence test has the following form:

| T — xn| <&

where € > 0 is the accuracy of the computations.

The polynomiographs were generated for three different settings of values
of the iterations parameters: (1) o, = 0.01, 5, = 0.01, 7, = 0.01, (2) o, = 0.5,
Brn = 0.5, v, = 0.5, (3) v, = 0.95, B, = 0.95, 7, = 0.95. All the other parameters
needed to generate the polynomiographs were £ = 0.001, resolution of 100 x 100

pixels and K is maximum number of iterations.
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Figures 3.2.3, 3.2.7, and 3.2.11 display polynomiographs, revealing three
separate basins of attraction for p3(z) = 2% — 1. Figures 3.2.5, 3.2.9, and 3.2.13
display polynomiographs, revealing four separate basins of attraction for py(z) =
2* 4+ 4. These basins correspond to the individual roots of the polynomial. The
generated polynomiographs for the parameters in the three settings are presented
in Figures 3.2.2, 3.2.6, 3.2.10, 3.2.4, 3.2.8 and 3.2.12, where as CAI and ANI values
calculated from the polynomiographs are gathered in Table 3.2.2 and Table 3.2.3,
respectively. (a), (b), (c), (d) come from the use of Noor iteration, (e), (f), (g),
(h) come from the use of SP iteration, (i), (j), (k), (1) come from the use of

Picard-Noor iteration and (m), (n), (o), (p) come from the use of PSPHM.
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= =, = = =~, =0.5 = = = 5
Iterations  Root-finding methods O = fn = =001 an =fn =7 =05 an=Fp =7 =095

CAI ANI CAI ANI CAI ANI
Newton 0.0182 29.5852 1 10.1394 1 4.2372
Noor Hallay 0.0214 29.5086 1 9.8398 1 3.8840
By 0.0198 29.5554 1 9.8072 1 3.8356
E, 0.0946 28.7020 0.9620 11.682 1 4.6058
Newton 0.0068 29.9084 1 5.1092 1 3.3078
gp Hallay 0.0070 29.8986 1 4.6590 1 2.4776
By 0.0066 29.9102 1 4.6004 1 2.2330
E, 0.1056 28.3330 0.9992 5.6822 1 3.1926
Newton 0.9996 6.4808 1 4.0040 1 2.8336
Picard-Noor Hallay 1 4.1096 1 3.0152 1 2.1314
By 1 3.3986 1 2.7782 1 2.0268
E, 0.9982 5.2742 1 3.8536 1 2.7104
Newton 1 6.0908 1 3.2446 1 2.7376
} Hallay 1 4.0304 1 2.3510 1 2.1270
PSPHM By 1 3.3390 1 2.0674 1 2.0264
E, 0.9988 4.8392 1 2.8792 1 2.6706

Table 3.2.2: CAI and ANI values calculated from polynomiographs for ps(z) =
23 — 1 presented in Figures 3.2.2, 3.2.3, 3.2.6, 3.2.7, 3.2.10 and 3.2.11.

Iterations  Root-finding methods O =fln = =001 an=fn =9 =05 an=F =7, =095

CAI ANI CAI ANI CAI ANI
Newton 0.0460  58.4296  0.9864  10.7916 1 4.8184
Noor Hallay 0.0524  58.0228 1 9.7496 1 3.8660
By 0.0480  58.2848 1 9.6240 1 3.7808
E, 0.2568  49.5092  0.8172  15.3612  0.9912 6.5176
Newton 0.0548  59.1368  0.9996  5.7588 1 3.9084
sp Hallay 0.0500  59.0836 1 4.6112 1 2.5200
By 0.0536  59.1284 1 4.5520 1 2.2456
E, 0.2376 49.348 0.9516  8.6372  0.9960 5.1528
Newton 1 7.6740 1 4.4168 1 3.2688
Picard-Noor Hallay 1 4.1736 1 3.0624 1 2.1960
By 1 3.3492 1 2.6380 1 2.0368
E, 0.9516 8.6372 0.9712  6.8724  0.9988 4.2688
Newton 1 6.8668 1 3.6088 1 3.2008
, Hallay 1 4.0856 1 2.3796 1 2.1816
PSPHM B, 1 3.2908 1 2.0960 1 2.0360
E, 0.9912  8.4180  0.9936 4.9752  0.9988  4.1036

Table 3.2.3: CAI and ANI values calculated from polynomiographs for ps(z) =
2* + 4 presented in Figures 3.2.4, 3.2.5, 3.2.8, 3.2.9, 3.2.12 and 3.2.13.



50

HE

) Newton method (b) Halley method (¢) By method

15
1
.ﬁ . 1 05
0
.
El
15

) Newton method (f) Halley method (g) B4 method

15
2
. 1 . :
15
0
s
0 -
15 15

j) Halley method k) By method

]

(m) Newton method (n) Halley method 0) B4 method (p) Es method

1 05 0 05 1

Figure 3.2.2: Polynomiographs for p3(z) = 2% — 1 generated using various root
finding methods with the parameters «,, = 0.01, 8, = 0.01 and v, = 0.01 for
K = 30.
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Figure 3.2.5: Basins of attraction for py(z) = 2z* + 4 generated using various root
finding methods with a,, = 0.01, £, = 0.01 and =, = 0.01 for K = 60.

For low values of the parameters (a,, = 0.01, 8, = 0.01, 7,, = 0.01), we
see that two of the iterations (Noor and SP) have not converged to any of the roots
of p3(z) (see Figure 3.2.2) and py(z) (see Figure 3.2.4), i.e., we see a uniform red
colour, which corresponds to the maximal of iterations. We see a different speed
convergence for the other two iterations (Picard-Noor and PSPHM). Based on
the visual analysis, we can observe that the fastest convergence speed is obtained
by the proposed PSPHM, followed by the Picard-Noor iteration. The ANI values
confirm these observations in Table 3.2.2 and Table 3.2.3. In Table 3.2.2, the
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lowest ANI value, 3.3390 for the By, is obtained by the PSPHM, followed by
the Picard-Noor (3.3986) iteration. Furthermore, it is noteworthy that the ANI
values for PSPHM, which are 6.0908, 4.0340, 3.3390, and 4.8392 for the Newton,
Halley, B4, and E, methods, respectively, also yield better results than the ANI
values of the Picard-Noor, SP, and Noor iterations. Similarly, in Table 3.2.3, the
lowest ANI value, 3.2908 for the By, is obtained by the PSPHM, followed by the
Picard-Noor (3.3492) iteration. Tables 3.2.2 and 3.2.3 also found that the ANI
values for the Noor and SP iterations for the Newton, Halley, By, and F,; methods

are relatively high compared to the Picard-Noor and PSPHM iterations.

Upon analyzing the polynomiographs presented in Figure 3.2.3 and Fig-
ure 3.2.5, we see that the best stability in finding the roots is the PSPHM. This
phenomenon is especially pronounced in the PSPHM mode for the Newton, Hal-
ley and B, methods, where CAI achieves a perfect score of 1 (see Tables 3.2.2
and 3.2.3). While characteristic braids are visible in each case, their shapes vary
among the methods. The most intricate braids are observed with the E method,
resulting in the largest interweaving of basins. Except in Noor and SP iterations,
a small percentage of the starting points did not converge to any roots (black

colour indicate points of divergence).
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finding methods with a,, = 0.5, 8, = 0.5 and v, = 0.5 for K = 60.

For polynomiographs for the second parameters setting (a,, = 0.5, 8, =
0.5, v, = 0.5) presented in Figure 3.2.6 and Figure 3.2.8, we see that the Noor
iteration obtains the slowest speed of convergence. In Figure 3.2.6, the poly-
nomiograph contains red colours, indicating a high number of performed itera-
tions. When we look at the polynomiographs presented in Figure 3.2.6 and Figure
3.2.8, we see that the fastest among the analyzed iterations is the PSPHM. In
the polynomiographs, we can observe darker blue colours than in the case of the

other iteration processes, which shows a smaller number of performed iterations.
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The ANI values in Table 3.2.2 and Table 3.2.3 confirm this observation because
the PSPHM obtains the lowest value. The second best iteration, in terms of con-
vergence speed, is the Picard-Noor iteration, followed by SP and Noor iterations.
The lowest value of ANI equal to 2.0674 (Table 3.2.2) and 2.0960 (Table 3.2.3)
for the B, are obtained by the PSPHM.

In Figure 3.2.8 and Figure 3.2.11, the interweaving of the basins around
the braids is minimal for the Halley and By methods, and the braids appear
similar in Noor, SP, Picard-Noor and PSPHM iterations. Outside the braided
regions, the behaviour of the methods is quite similar. Thus, the Halley and
B, methods exhibit the most stable behaviour. We can also observe this by
looking at the values of CAI in Tables 3.2.2 and 3.2.3. Regarding CAI value in
Table 3.2.2, the best two methods were Picard-Noor and PSPHM, which obtained

convergence of all starting points, i.e., CAI value equal to 1.
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In the last parameter setting, we use high values of the parameters
(o, = 0.95, B, = 0.95, v, = 0.95). Like for the other two parameter settings, for
the polynomiographs, we see that the Noor iteration obtains the slowest speed
of convergence. On the other hand, the PSPHM again obtains the fastest con-
vergence speed. In the case of each polynomiograph, we can observe darker blue
colours than for the two other parameter settings, which shows a smaller number
of performed iterations. This shows that for higher values of the parameters, all

the iterations need fewer iterations to find the roots. We can also observe this by
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looking at the values of ANI in Tables 3.2.2 and 3.2.3. We see that the PSPHM
obtains the lowest ANI value for high values of the parameters. The lowest values

for the other iterations are also obtained for high values of the parameters.

Examining the values in Table 3.2.2; we find that CAI indicates the best
performance for every method in Noor, SP, Picard-Noor and PSPHM iterations.
It achieves convergence for all starting points within the area, with a CAI value
1. In Table 3.2.3, the E; method demonstrated a favourable convergence ratio
with CAI values ranging from 0.9912, 0.996 to 0.9988 for Noor, SP, Picard-Noor
and PSPHM iterations. This also indicates that there were instances where a
small portion of the initial points did not converge to any of the roots. It is noted
that although the Halley, B4, and Newton methods give good CAI values, the E|

method produces beautiful images with more artistic value.



CHAPTER IV

CONCLUSIONS

4.1 Conclusion

The following results are all main theorems of this thesis:

Theorem 4.1.1 Let C be a nonempty closed convex subset of a real uniformly
convex Banach space B which has uniformly Gateauzr differentiable norm and
T : C — C a nonexpansive mapping such that F(T) # 0. Consider that the fol-
lowing assumptions hold: N

(i) lim &, =0, lim o, =0, mZ:lam = 00, &m,0m € (0,1),pm €
[l1,15] C (0,1), N

(it) mm >0, Ym € N and Zﬂ'm < 00.

m=1

For arbitrary vy, € C. Let {v,,} be the sequence generated by

hm =Un+ Tn (Um - Um—1)7
Um+1 = (1 — Pm )¢m Sk mewma m 2 1.

Then {v,,} converges strongly to a point in F(T).

Theorem 4.1.2 Let C be a nonempty closed convexr subset of a real uniformly
convex Banach space B which has uniformly Gateaux differentiable norm and

T : C — C a continuous and accretive mapping such that N(Y) # (. For arbitrary
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vo, V1 € U, let {v,} be the sequence generated by

(
hm = Ump + T (Um - Um—l)a

Vm = (1 = &m) (1 — 0m) i,

\vm+1 = (1 — Pm )¢m + pmJT¢ma m 2 17

where Jy = (I + Y)~'. Consider that the following assumptions hold:

(i) lim &, = 0, lim o, = 072_1% = 00,6, 0m € (0,1),pp €
[l17 12] C (07 1); o

(it) mm >0, Ym € N and Zﬂ'm < 00.

m=1

Then {v,,} converges strongly to a point in N(Y).

Theorem 4.1.3 Let C' be a nonempty closed convex subset of a Banach space X

and T : C'— C be a contraction mapping. Let {x,} be the sequence generated by

(1.0.12) with real sequences {cu,}, {Bn} and {v,} in (0,1) satisfying Z% = 0.

n=1
Then {x,} converges strongly to a unique fixed point of T

Theorem 4.1.4 Let C' be a nonempty closed convex subset of a Banach space X

and T : C — C be a contraction mapping. Let {x,} be the sequence generated by

(1.0.12) with real sequences {a,}, {8} and {y,} in (0,1) satisfying Z’yn = 0.
n=1

Then the iterative process (1.0.12) is T-stable.

Theorem 4.1.5 Let C be a nonempty closed convex subset of a Banach space
X and T : C — C be a contraction mapping. Suppose that each of the iterative
processes (1.0.9), (1.0.10) and (1.0.12) converge to the same fized point p of
T, where {a,}, {fn} and {y,} are sequences in (0,1) such that o < a,, < 1,
B < By <1landy <7, <1 for some o, B,y > 0 and for all n € N. Then the
Picard-SP hybrid iterative process (1.0.12) converges faster than all the other two

iterative processes.



BIBLIOGRAPHY



1]

BIBLIOGRAPHY

Abbas, M., and Nazir, T. (2014). A new faster iteration process applied to
constrained minimization and feasibility problems. Matematicki Vesnik,

66(2), 223234.

Abuchu, J. A., Ugunnadi, G. C., and Narain, O. K. (2023). Inertial proxi-
mal and contraction methods for solving monotone variational inclusion and
fixed point problems. Nonlinear Functional Analysis and Applications,

28(1), 175-203.

Ardelean, G. (2011). A comparison between iterative methods by using the
basins of attraction. Applied Mathematics and Computation, 218(1),
8895.

Ardelean, G., Cosma, O., and Balog, L. (2016). A comparison of some fixed
point iteration procedures by using the basins of attraction. Carpathian

Journal of Mathematics, 32(3), 277284.

Agarwal, R. P., ORegan, D., and Sahu, D. R. (2008). Fixed Point Theory

for Lipschtz-type Mappings with Applications. Springer, Berlin.

Akutsah, F., Narain, O. K., and Kim, J. K. (2022). Improved generalized
M-iteration for quasi-nonexpansive multivalued mappings with application in
real Hilbert Spaces. Nonlinear Functional Analysis and Applications,

27(1), 59-82.

Banach, S. (1922). Sur les oprations dans les ensembles abstraits et leur ap-

plication aux quations intgrales. Fundamenta Mathematicae, 3, 133181.

Babu, G., and Prasad, K. V. (2006). Mann iteration converges faster than
[shikawa iteration for the class of Zamfirescu operators. Fixed Point Theory

and Applications, 2006.



69

[9] Bauschke, H. H., and Combettes, P. L. (2017). Convex Analysis and
Monotone Operator Theory in Hilbert Spaces. CMS Books in Mathe-

matics. Springer, New York, 2nd ed.

[10] Berinde, V. (2002). Iterative Approximation of Fixed Points. Lecture

Notes 1912. Springer.

[11] Berinde, V. (2004). Picard iteration converges faster than Mann iteration for
a class of quasi-contractive operators. Fixed Point Theory and Applica-

tions, 2004, 716359.
[12] Berinde, V. (2007). Iterative approximation of fixed points. Springer, Berlin.

[13] Berinde, V., and Berinde, M. (2005). The fastest Krasnoselskii itera-
tion for approximating fixed points of strictly pseudo-contractive mappings.

Carpathian Journal of Mathematics, 21(12), 1320.

[14] Berinde, V., and Pacurar, M. (2007). Empirical study of the rate of con-
vergence of some fixed point iterative methods. Proceedings in Applied

Mathematics and Mechanics, 7, 20300152030016.

[15] Bot, R. I., Csetnek, E. R., and Meier, D. (2019). Inducing strong conver-
gence into the asymptotic behavior of proximal splitting algorithms in Hilbert

spaces. Optimization Methods and Software, 34(3), 489-514.

[16] Borwein, J., Reich, S., and Shafrir, I. (1992). Krasnoselskii-Mann iterations

in normed spaces. Canadian Mathematical Bulletin, 35(1), 21-28.

[17] Bravo, M., Cominetti, R., and Pavez-Sign, M. (2019). Rates of convergence
for inexact KrasnoselskiiMann iterations in Banach spaces. Mathematical

Programming (Series A), 175, 241-262.

[18] Browder, F. E. (1965). Nonexpansive nonlinear operators in Banach spaces.

Proceedings of the National Academy of Sciences, 54(4), 1041-1044.



70

[19] Browder, F. E. (1967). Nonlinear mappings of nonexpansive and accretive
type in Banach spaces. Bulletin of the American Mathematical Society,

73(6), 875-882.

[20] Browder, F. E. (1963). Nonlinear elliptic boundary value problems. Bulletin

of the American Mathematical Society, 69(6).

[21] Browder F. E. and Petryshyn, W.V. (1966). The solution by iteration of
nonlinear functional equations in Banach spaces, Bull. Amer. Math. Soc., 72

, D71-575.

[22] Bynum, W. L. (1980). Normal structure coefficients for Banach spaces. Pa-
cific Journal of Mathematics, 86(2), 427-436.

[23] Caristi, J. V. (1975). The Fixed Point Theory for Mappings Satisfying
Inwardness Conditions (Doctoral dissertation). University of Iowa, lowa

City.

[24] Chidume, C. E. (2009). Geometric Properties of Banach Spaces and

Nonlinear Iterations. Lecture Notes in Mathematics 1965. Springer.

[25] Chugh, N., and Kumar, R. (2017). Convergence and stability results for
new three step iteration process in modular spaces. Australian Journal of

Mathematical Analysis and Applications, 14(2), 111.

[26] Chugh, R., and Kumar, N. (2017). Some integral type weakly compatible
contraction in modular metric spaces. International Journal of Pure and

Applied Mathematics, 113(1), 2334.

[27] Cioranescu, 1. (1990). Geometry of Banach Spaces, Duality Mappings,

and Nonlinear Problems. Kluwer Academic, Dordrecht.

[28] Deimling, K. (1985). Nonlinear Functional Analysis. Springer, Berlin.



71

[29] Doan, K., and Karakaya, V. (2014). On the convergence and stability results

for a new general iterative process. The Scientific World Journal, 2014, 8.

[30] Dong, Q. L., Lu, Y. Y., and Yang, J. (2016). The extragradient algorithm
with inertial effects for solving the variational inequality. Optimization,

65(2), 2217-2226.

[31] Dong, Q. L., Huang, J., Li, X. H., Cho, Y. J., and Rassias, T. M. (2019).
MiKM: Multi-step inertial Krasnoselskii-Mann algorithm and its applications.
Journal of Global Optimization, 73(4), 801-824.

[32] Dong, Q. L., Li, X. H., Cho, Y. J., and Rassias, T. M. (2021). Multi-step iner-
tial Krasnoselskii-Mann iteration with new inertial parameters arrays. Jour-

nal of Fixed Point Theory and Applications, 23(44), 1-18.

[33] Dong, Q. L., Yuan, H. B., Cho, Y. J., and Rassias, T. M. (2018). Modified in-
ertial Mann algorithm and inertial CQ-algorithm for nonexpansive mappings.

Optimization Letters, 12, 87-102.

[34] Dong, Q. L., Cho, Y. J., He, S., Pardalos, P. M., and Rassias, T. M. (2022).
The Krasnoselskii-Mann Iterative Method: Recent Progress and

Applications. Springer.

[35] Edelstein, M., and OBrien, R. C. (1978). Nonexpansive mappings, asymp-
totic regularity, and successive approximations. Journal of the London

Mathematical Society, 2(3), 547-554.

[36] Eke, K., and Akewe, H. (2019). Equivalence of Picard-type hybrid itera-
tive algorithms for contractive mappings. Asian Journal of Scientific Re-

search, 12(3), 298307.

[37] Ezzati, R., and Saleki, F. (2011). On the construction of new iterative meth-

ods with fourth-order convergence by combining previous methods. Interna-



72

tional Mathematical Forum, 6(27), 13191326.

[38] Fan, J., Liu, L., and Qin, X. (2020). A subgradient extragradient algorithm
with inertial effects for solving strongly pseudomonotone variational inequal-

ities. Optimization, 69(9), 2199-2215.

[39] Gdawiec, K., Kotarski, W., and Lisowska, A. (2021). On the robust Newtons
method with the Mann iteration and the artistic patterns from its dynamics.

Nonlinear Dynamics, 104(1), 297331.

[40] Genel, A., and Lindenstrauss, J. (1975). An example concerning fixed points.

Israel Journal of Mathematics, 22, 81-86.

[41] Ghde, D. (1965). Zum Prinzip der kontraktiven Abbildung. Mathematis-
che Nachrichten, 30(34), 251258.

[42] Groetsch, C. W. (1972). A note on segmenting Mann iterates. Journal of
Mathematical Analysis and Applications, 40(2), 369-372.

[43] Grsoy, F., and Karakaya, V. (2014). A Picard-S hybrid type iteration
method for solving a differential equation with retarded argument. arXiv,

1403.2546v2.

[44] Hammad, H. A., Rehman, H. ur, and De la Sen, M. (2020). Advanced algo-
rithms and common solutions to variational inequalities. Symmetry, 12(7),

1198.

[45] Harder, A. M., and Hicks, T. L. (1988). Stability results for fixed point

iteration procedures. Mathematica Japonica, 33(5), 693706.

[46] Hicks, T. L., and Kubicek, J. D. (1977). On the Mann iteration process in
a Hilbert space. Journal of Mathematical Analysis and Applications,

59(3), 498-504.



73

[47] Hillam, B. P. (1975). A generalization of Krasnoselskiis theorem on the real
line. Mathematics Magazine, 48(3), 167-168.

[48] Ishikawa, S. (1974). Fixed points by a new iteration method. Proceedings
of the American Mathematical Society, 44, 147150.

[49] Ishikawa, S. (1976). Fixed points and iteration of a nonexpansive mapping in
a Banach space. Proceedings of the American Mathematical Society,

59(1), 65-71.

[50] Kalantari, B. (2004). Polynomiography and applications in art, education
and science. Computers and Graphics, 28(3), 417430.

[51] Kalantari, B. (2009). Polynomial root-finding and polynomiography. World

Scientific, Singapore.

[52] Kato, T. (1967). Nonlinear semigroups and evolution equations. Journal of

the Mathematical Society of Japan, 19(4), 508-520.

[53] Kirk, W. (1965). A fixed point theorem for mappings which do not increase
distances. The American Mathematical Monthly, 72(9), 10041006.

[54] Krasnosel’skii, M. A. (1955). Two remarks on the method of successive ap-
proximations. Uspekhi Matematicheskikh Nauk, 10(1), 123-127.

[55] Kreyszig, E. (1991). Introductory functional analysis with applications (Vol.
17). John Wiley and Sons.

[56] Lim, T. C., and Xu, H. K. (1994). Fixed point theorems for asymptotically
nonexpansive mappings. Nonlinear Analysis: Theory, Methods Appli-
cations, 22(11), 1345-1355.

[57] Liu, L., Tan, B., and Cho, S. Y. (2020). On the resolution of variational
inequality problems with a double-hierarchical structure. Journal of Non-

linear and Convex Analysis, 21, 377-386.



74

[58] Liu, X. D., Zhang, J. H., Li, Z. J., and Zhang, J. X. (2009). Generalized

secant methods and their fractal patterns. Fractals, 17(2), 211215.

[59] Mann, W. R. (1953). Mean value methods in iteration. Proceedings of the
American Mathematical Society, 4(3), 506510.

[60] Maing, P. E. (2008). Convergence theorems for inertial KM-type algorithms.
Journal of Computational and Applied Mathematics, 219(1), 223-236.

[61] Martin, R. H. (1970). A global existence theorem for autonomous differential
equations in a Banach space. Proceedings of the American Mathemat-

ical Society, 26(2), 307-314.

[62] Megginson, R. E. (1998). An Introduction to Banach Space, J. Springers,
New York.

[63] Noor, M. A. (2000). New approximation schemes for general variational in-
equalities. Journal of Mathematical Analysis and applications, 251(1),

217-229.

[64] Opial, Z. (1967). Weak convergence of successive approximations for nonex-

pansive mappings, Bull. Amer. Math. Soc., 73(4), 591-597.

[65] Osilike, M. O. (1995). Some stability results for fixed point iteration proce-
dures. Journal of the Nigerian Mathematical Society, 14/15, 1729.

[66] Osilike, M. O., and Udomene, A. (1999). Short proofs of stability results
for fixed point iteration procedures for a class of contractive-type mappings.

Indian Journal of Pure and Applied Mathematics, 30(12), 12291234.

[67] Ostrowski, A. M. (1967). The round-off stability of iterations. ZAMM -
Journal of Applied Mathematics and Mechanics, 47, 7781.



75

[68] Reich, S. (1979). Strong convergence of resolvents of accretive operators in
Banach spaces. Journal of Mathematical Analysis and Applications,

68(2), 423-438.

[69] Petkovi, 1., and Rani, L. Z. (2019). Computational geometry as a tool for
studying root-finding methods. Filomat, 33(4), 10191027.

[70] Phuengrattana, W., and Suantai, S. (2011). On the rate of convergence of
Mann, Ishikawa, Noor and SP-iterations for continuous functions on an arbi-

trary interval. Journal of Computational and Applied Mathematics,

235(9), 30063014.

[71] Polyak, B. T. (1964). Some methods of speeding up the convergence of iter-
ation methods, USSR Comput. Math. Math. Phys., 4(5), 1-17.

[72] Ray, W.O. (1979) An elementary proof of surjectivity for a class of accretive
operators, Proc. Amer. Math. Soc., 75(2), 255-258.

[73] Rhoades, B. E. (1976). Comments on two fixed point iteration methods.

Journal of Mathematical Analysis and Applications, 56(3), 741750.

[74] Rhoades, B. E. (1990). Fixed point theorems and stability results for fixed
point iteration procedures. Indian Journal of Pure and Applied Math-

ematics, 21(1), 19.

[75] Rhoades, B. E. (1993). Fixed point theorems and stability results for fixed
point iteration procedures II. Indian Journal of Pure and Applied Math-
ematics, 24(11), 691703.

[76] Rhoades, B. E., and Xue, Z. (2010). Comparison of the rate of convergence
among Picard, Mann, Ishikawa and Noor iterations applied to quasicontrac-

tive maps. Fixed Point Theory and Applications, 2010(1), 12.



76

[77] Robert H. Martin, Jr. Nonlinear Operators and Differential Equations in
Banach Spaces. STAM Review, 20(1), 202-204.

[78] Sadiq, B., and Tafer, M. S. (2018). Multi-step inertial algorithms for quasi-

nonexpansive mappings in Hilbert spaces. Optimization, 67(10), 1469-1480.

[79] Shatanawi, W., Bataihah, A., and Tallatha, A. (2020). Four-step iteration
scheme to approximate fixed point for weak contractions. Comput. Mater.

Contin, 64, 1491-1504.

[80] Shehu, Y., Li, X. H., and Dong, Q. L. (2020). An efficient projection-type
method for monotone variational inequalities in Hilbert spaces. Numerical

Algorithms, 84, 365-388.

[81] Shioji, S., and Takahashi, W. (1997). Strong convergence of approximated
sequences for nonexpansive mappings in Banach spaces. Proceedings of the

American Mathematical Society, 125(12), 36413645.

[82] Szyszkowicz, M. (1991). A survey of several root-finding methods in the

complex plane. Computers and Graphics Forum, 10(2), 141144.

[83] Tan, B., Xu, S., and Li, S. (2020). Inertial shrinking projection algorithms for
solving hierarchical variational inequality problems. J. Nonlinear Convex

Anal, 21(4), 871-884.

[84] Takahashi, W. (1970). A nonlinear contraction operator and fixed point the-
orem in a Banach space. Proceedings of the Japan Academy, 46(2),

135-137.

[85] Truong, N. D., Kim, J. K. and Anh, T. H. H. (2022). Hybrid inertial contrac-
tion projection methods extended to variational inequality problems. Non-

linear Functional Analysis and Applications, 203-221.



7

[86] Wei, L., Zhang, Q., Zhang, Y. and Agarwal, R. P. (2022). Iterative algo-
rithm for zero points of the sum of countable accretive-type mappings and

variational inequalities. J. Nonl. Funct. Anal., 2022, 3.

[87] Weng, X. (1991). Fixed point iteration for local strictly pseudo-contractive
mappings. Proceedings of the American Mathematical Society, 113,

727731,

[88] Xu, H. K., Altwaijry, N., Alzughaibi, I., and Chebbi, S. (2022). THE VIS-
COSITY APPROXIMATION METHOD FOR ACCRETIVE OPERATORS
IN BANACH SPACES. Journal of Nonlinear and Variational Analysis,
6(1), 37-50.

[89] Xu, H. K., and Ori, Y. (2001). An algorithm for finding a common fixed
point of quasi-nonexpansive mappings in Banach spaces. STAM Journal on

Optimization, 12(4), 1040-1056.

[90] Xue, Z. (2008). The comparison of the convergence speed between Picard,
Mann, Krasnoselski and Ishikawa iterations in Banach spaces. Fixed Point

Theory and Applications, 2008(1), 5.

91] Ye, R. (2002). Another choice for orbit traps to generate artistic fractal

images. Computers and Graphics, 26(4), 629633.



BIOGRAP




Name Surname
Date of Birth
Place of Birth
Address

Education Background

2020

Publications

BIOGRAPHY

KAIWICH BAEWNOI
AUG 12, 1998

Tak Province, Thailand
22/3, Maesot Sub-district,
Maesot District, Tak
Province, Thailand 63110

EDU. (Mathematics), University Of Phayao,
Phayao, Thailand

1. Baewnoi, K., Yambangwai, D., and Thianwan, T. (2024). A novel

algorithm with an inertial technique for fixed points of nonex-

pansive mappings and zeros of accretive operators in Banach

spaces. AIMS Mathematics, 9(3), 6424-6444.

Conference presentations

1. Baewnoi, K. (August 2 - 5, 2023). Modified three-step algorithms

with an inertial technique for nonexpansive mappings with an

application. The 11 th Asian Conference on Fixed Point The-

ory and Optimization 2023 (ACFPT02023), Pattaya, Thai-

land.

2. Baewnoi, K. (May 29 - 31, 2024). Convergence analysis and poly-

nomiographic visualization of Picard-SP hybrid iterative meth-

ods. The 28th Annual Meeting in Mathematics (AMM2024),



80

Ubon Ratchathani University.

3. Baewnoi, K. (Augustr 6 - 8, 2024). Convergence and stability
results of the Picard-P hybrid iterative process with applica-
tions. The 4th International Conference and Workshop on
Applied Nonlinear Analysis (ICWANA 2024), Bangsaen Her-

itage Hotel, Bangsean, Chonburi, Thailand.

4. Baewnoi, K. (January 15 - 18, 2025). Convergence and visual
analysis of the Picard-D hybrid iterative process. The 12th
Asian Conference on Fixed Point Theory and Optimization
2025 (ACFPTO2025), Duangtawan Hotel Chiang Mai, Chi-
ang Mai, Thailand



	Metric spaces and Banach spaces 
	Rate of convergance and T-stable
	A novel algorithm with an inertial technique for fixed points of nonexpansive mappings in Banach spaces
	Convergence and stability results of the Picard-SP hybrid iterative process with applications
	 Conclusion

